NEW POINTS ON CURVES
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ABSTRACT. Let K be a field and let L/K be a finite extension. Let X/K be a
scheme of finite type. A point of X (L) is said to be new if it does not belong
to Up X (F), where F' runs over all proper subfields K C F C L. Fix now an
integer g > 0 and a finite separable extension L/K of degree d. We investigate in
this article whether there exists a smooth proper geometrically connected curve of
genus g with a new point in X (L). We show for instance that if K is infinite with
char(K) # 2 and g > |d/4], then there exist infinitely many hyperelliptic curves
X/K of genus g, pairwise non-isomorphic over K, and with a new point in X (L).
When 1 < d < 10, we show that there exist infinitely many elliptic curves X/K
with pairwise distinct j-invariants and with a new point in X (L).
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1. INTRODUCTION

Let K be a field, and let X/K be a scheme of finite type. Let L/K be a finite
extension. A point of X (L) is said to be new if it does not belong to Up X (F'), where
F runs over all proper subfields K C F' C L. In other words, X/K has a new point
in X(L), or a new point over L, if there exists in X a closed point P whose residue
field K'(P) is isomorphic over K to L. With this definition, any point in X (K) is
new.

Fix a positive integer ¢ > 1 and consider the following question. Given a finite
extension L/K, is it possible to find a smooth proper geometrically connected curve
X/K of genus g such that X has a new point over L7 As we shall see, the answer
to this question depends in an essential way on the properties of the ground field
K. It is not hard to show that this question always has a positive answer when K
is finite (8.1), and when K is large (8.3). The latter hypothesis holds for instance
when K is the field of fractions of a henselian discrete valuation ring, or when K is
a pseudo-algebraically closed field.

We have not been able to answer the above question for all ¢ > 0 when K is a
number field, and it may be that in this case the question has a negative answer in
general. In this article, we present some instances where we can prove the existence
of infinitely many curves of genus g > 0 with a new point over L. Our result below
is valid for any infinite field K of characteristic not equal to 2. The case where
char(K) = 2 is treated in Section 7. Recall the notation |z] for the floor of a
rational number z.
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Theorem (see 2.1 and 2.2). Let K be any infinite field with char(K) # 2. Let
Ly, ..., Ly be finite separable extensions of K (the extensions L; need not be distinct).
Let d:=3"t_,[Li : K] and assume that d > 7. Then for each g > |d/4], there exist
infinitely many hyperelliptic curves X/ K of genus g, pairwise non-isomorphic over
K, and with distinct new points P, € X (L,),..., P, € X(L;) on X.

The statement of Theorem 2.1 is slightly more precise, and it is further refined
in 3.1 when the extensions L;/K contain a Kummer subextension. In the case of
g = 1, we obtain the following result.

Theorem (see 3.3). Let K be an infinite field with char(K) # 2. Let L/K be a
separable extension of degree d, with 1 < d < 10. Then there exist infinitely many
elliptic curves X/ K with distinct j-invariants and with a new point over L.

Fix an integer N > 1. Then it is possible to find infinitely many such elliptic
curves with a new point which s either of order bigger than N or of infinite order
in X(L). When K is a global field, there exist infinitely many elliptic curves X/K
with distinct j-invariants and with a new point over L of infinite order in X (L).

When K is a number field and d < 9, the existence of an elliptic curve with a
new L-point of infinite order is proved by Rohrlich in [31], Theorem, by a different
method. A variation on Rohrlich’s proof is given in [24], Corollary 5 (see also 7.7 in
all characteristics). We discuss in 5.6 the case where d = 11 and L/Q is a Kummer
extension. Abelian extensions of degree 12,14, 15, 20, 21, and 30, are discussed in
3.6.

Let K be a number field and fix an integer ¢ > 2. Theorem 1.2 of Caporaso,
Harris, and Mazur, in [8], implies the existence of the following integer d(g) if the
Strong Lang Conjecture holds (see 4.1): d(g) is the smallest integer such that, given
any finite extension L/K with [L : K] > d(g), then there exist only finitely many
smooth proper geometrically connected curves X /K of genus g with a closed point
P having residue field isomorphic to L. We show in 3.5 that d(g) > 6(g +1). When
[L: K] > 6(g+ 1), we do not know of any efficient general method to produce an
example of a curve X/K of genus g > 2 with a new point over L.

The situation when K is a finite separable extension of I, () is completely dif-
ferent, and we show in 4.2 that the analogue of the integer d(g) for extensions L of
such K does not exist when p # 2. We also discuss some evidence in 4.4, based on
the Parity Conjecture, that the analogue of the integer d(g) when g = 1 might not
exist.

Given a large degree extension L of K, our inability to produce curves X/K of
small genus with new points over L leads us to conjecture the following:

Conjecture 1.1 Given any g > 2, there exist a field K and a separable extension
L/K such that no smooth projective geometrically connected curve X/K of genus
g has a new point over L.

We do not know of any finite separable extension L/K of an infinite field K such
that for a given g > 1, only finitely many smooth projective geometrically connected
curves X/K of genus g have a new point over L.

In Section 5, we consider some standard families of extensions L/Q, such as the
cyclotomic extensions Q((,)/Q, and present some examples of the smallest known
positive integer g for which there exists a curve X/Q of genus g with a new point
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over L. For instance, when L = Q((31), Theorems 2.1 and 3.1 imply the existence
of infinitely many curves X/Q of genus g = 6 with a new point over L. In 5.4, we
produce an example of such curve with g = 5, and we indicate in 5.2 that the elliptic
curve 50al might have a new point over L. We do not know of any examples of
curves X/Q with g = 2,3,4 and with a new point over Q((s;).

For elliptic curves, the Birch and Swinnerton-Dyer conjecture provides some com-
putational evidence (see 4.4 and 5.2) that supports a positive answer to the following
question: Given an extension L/Q, does there always exist an elliptic curve E/Q
such that E has a new point over L7

Convention 1.2 In this article, we call hyperelliptic curve over a field K any
smooth projective geometrically connected curve X/K of positive genus g > 1,
admitting a K-morphism of degree 2 to PL. When K has characteristic different
from 2, the function field K(X) is thus K-isomorphic to K(z)[y]/(y?> — f(x)) for
some f(z) € K[x] separable of degree at least 3. Contrary to the usual convention
in the literature, ours allows for a hyperelliptic curve to have genus 1. This will
simplify the statement of some of our theorems.

We thank Zev Klagsbrun for useful comments. Computations in this article were
done using Magma [6] and Sage [33].

2. FIXING THE EXTENSION

Let K be any field. In this section, we fix a finite extension L/K, and ask whether
there exist infinitely many smooth proper geometrically connected curves X/K of a
given genus with a new point over L.

When such a curve X/K has a new point P over L = K (P), the finite extension
L must be simple over K, that is, there must exist § € L such that L = K(f).
This is clear if L/K is separable, and we will treat in this article mostly this case.
Assume for the remainder of this paragraph that char(K) = p > 0. The vector space
Qk(p)/k is a quotient of Qx,/x ® K(P) and, hence, when P is smooth, has dimension
at most 1 over K (P). The extension L/K is simple since dimgp) Q(py/x is equal to
the p-degree p-deg(K(P)/K) ([21], 5.7, b)), and when p-deg(L/K) > Trdeg(L/K),
the extension L/K can be generated by p-deg(L/K) elements ([21], 5.11, b)). When
Qr/k = (0), the extension L/K is separable.

From now on, unless specified otherwise, we assume L/K separable. It is clear
that PL has new points over any simple finite extension L/K. Thus in this article
we will only be concerned with new L-points on curves of positive genus. Note that
it was recently proved in [26], 1.9, that if a smooth projective curve X/K over a
number field K has a new point over all but finitely many finite extensions L/K,
then X is isomorphic over K to P},. We assume in this section that char(K) # 2,
and we treat the case where char(K) = 2 in Section 7.

Let X/K be a hyperelliptic curve of genus g, and denote by 7 : X — P} a
morphism of degree 2. We say that P € X is a special point if 7* : K(w(P)) — K(P)
is an isomorphism. If X is given by an equation y* = /() with ¢(x) separable
of degree > 3, and the closed point P € X corresponds to the orbit of a solution
(a,b) € K of the equation y? = {(x), then P is special if and only if K(a) = K(a,b).
If g = 1, this definition depends on the choice of a double cover m : X — P.. Note
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that K-rational points, and points on the ramification locus of 7, are special. Let
us now state the main theorem of this section.

Theorem 2.1. Let K be any infinite field with char(K) # 2. For eachi=1,...,t,
let L;/ K be a separable extension of degree d; (the extensions L; need not be distinct).
Let d := 25:1 d;. Assume d > 7. Fix an integer N > 1. Then there exist infinitely
many hyperelliptic curves X/K (see Convention 1.2), pairwise non-isomorphic over

K, such that:

(a) The curve X contains distinct special new points P, € X(Ly),..., P, € X(Ly).
More precisely, let Q); denote the image of the point P; : Spec L; — X. Then
Q1,...,0Q; aret distinct closed special points of X.

(b) Let F be any finite extension of K with K-linear field embeddings L; — F' for
i=1,...,t. Then there exists a K-morphism ¢ : X — Jac(X) of degree at most
49 such that the image of at least one of the P;’s in Jac(X)(F') has either order
larger than N or is of infinite order.

(c) Write d =4q+ j for some ¢ > 1 and 0 < j < 3. Then X has genus ¢ —1 >0
if 7 # 3, and genus q if 7 = 3.

(d) When d = 4q ord is odd, then X/K has at least one additional K -rational point
distinct from Qq,...,Q¢. When d = 4q + 3, X/K has at least two additional
K -rational points distinct from Qq, ..., Q.

The proof of Theorem 2.1 is postponed to 2.8. We make explicit in the next
corollary the fact that given a field L/K of high degree d, Theorem 2.1 does not
construct in general a curve X /K of low positive genus g that contains a new point
over L.

Corollary 2.2. Let K be any infinite field with char(K) # 2. Let L/ K be a separable
extension of degree d.

(1) If d <9, then there exists an elliptic curve X /K with a new special point in L.
(2) If d =10, then there exists an elliptic curve X/K with a new point in L.
(3) Let g > 2. Suppose that

S |d/4] —1 ifd=0,1 mod 4,
9= d/4] ifd=2,3 mod 4.

Then there ezists a hyperelliptic curve X/ K of genus g with a K-rational point

and a new special point in X(L). When d =2 mod 4 and g = |d/4] —1 > 2,

there exists hyperelliptic curve X/ K of genus g with a new special point in X (L).
In all three cases, there are infinitely many such curves, pairwise non-isomorphic
over K.

Proof. Suppose d < 9. Applying Theorem 2.1 to the extensions L; := L and Ly =
-+ = Lyg_q := K, we find infinitely many hyperelliptic curves X/K of genus 1 with
a K-rational point and a new special point in L. This proves (1). Assertion (2) will
be proved in Corollary 3.3.

Let g > 2asin (3). Let s := g—|d/4]+1ifd =0,1 mod 4, and let s := g— |d/4]
if d =2,3 mod4. Let t := max(0,7 — d). The desired curve X/K is the curve
obtained in Theorem 2.1 with the choice of extensions L; := L when s+t =0, and
Li:=Land Ly =+ = Lysyy := K when 4s +t > 1 (which always happens when
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t > 0 since g > 2). The fact that there are infinitely many such curves also follows
immediately from 2.1. O

Remark 2.3 Let K be a number field. Let X/K be a smooth projective geometri-
cally connected curve of genus g. Let m : X — P be a finite K-morphism. Let d > 1
be an integer. Consider the set S; 4 C X of closed points P € X of degree d over K
such that the induced homomorphism on the residue fields K (7(P)) — K(P) is an
isomorphism. Vojta shows in [34], Corollary 0.4, that if g > (d — 1) deg(w) + 1, then
Sra is finite. When d = deg(m) = 2, or when d = 1, this result is due to Faltings,
[17], Theorem 1. When X/K is hyperelliptic with ¢ > 2 and 7 is the canonical
morphism of degree 2, the set S; 4 contains only special points by definition.

When d > 2, we find using Theorem 2.1 a hyperelliptic curve of genus g with
| (4g + 6)/d| special closed points of degree d. In case d does not divide 4g + 6, we
can also find such a curve with a K-rational point.

Returning to Vojta’s Theorem, our construction implies the following: Let K be a
number field. Let X/K be a hyperelliptic curve of genus g, with canonical morphism
7 X — Pk of degree 2. If g > 2d, then S, 4 is finite, and there exist examples of
such a curve with at least eight special closed points of degree d.

The proof of Theorem 2.1 uses the following crucial lemma, whose proof is well
known, but which we reproduce here due to its importance in defining the map
r: A% — A% in 2.9. The polynomial h(z) below is called the approzimate square
root of m(x) in [1], page 48.

Lemma 2.4. Let R be a ring such that 2 is invertible in R. Let m(z) € R[z| be a
monic polynomial of even degree 2n. Then there exists a unique pair of polynomials
h(z),l(z) € R[z]| such that h(x) is monic of degree n, {(x) has degree at most n —1,
and m(x) = h(x)? — {(z).

Proof. The uniqueness of such a pair is easy and is left to the reader. The existence of
h(z) and ¢(x) € R[z] is shown as follows. Write h(z) = ho+hz+...+hy_ 12"t +2"
and m(z) = mg + myz + ... + ma,_12*" 71 + 2**. Writing h*(z) explicitly, we find
that for i = 0,...,n — 1, the coefficient ¢y, _; of z*"~* in h(z)? depends only on the
1 coefficients h,,_;, ..., h,_1, and moreover

Con—i = 2h,_; + other terms,

where the ‘other terms’ do not involve the variable h,,_;. Hence, since 2 is invertible,
we can solve first the equation cg,,_1 = ma,_1 for h,_1, and then cg,,_o = ma,_o for
hy,_o, all the way to hg. With this choice of h(x), we find that m(z) — h(x)? is a
polynomial of degree at most n — 1, and we set —{(x) := m(x) — h(z)>. O]

2.5 The proof of Theorem 2.1 will also need the following facts. Let L/K be a
separable extension of degree d. Choose a generator a € L, so that we have L =
K (o). Each element 8 € L can be written uniquely as ag +aja+ ... +aq_ja® ! for
some ay, . .., aq-1 € K. We denote by mg(z) the minimal polynomial of 5 over K.
Consider now the polynomial ring in d variables Klto, ...,ts_1], and its finite
extension Kto, ..., tq_1][a]. Let oy :=to+tia+...+tq_1a®"t. The ring extension
Klto, ... ta1][a]/K]lto, ..., t4_1] is free of rank d, and we can thus consider the
characteristic polynomial of ay, denoted by xa,(z) € Klto,...,tq—1][x]. Writing
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X (@) = Py + Piz + -+ + Py2¥ ' + 2% with P, € Kltg,...,tq 1], we define f,, :
A4 — A% to be given by the homomorphism of K-algebras

(26) K[To,...,Td_l] —>K[t0,...7td_1], T, — .LDZ

By construction, the evaluation of f, at a K-rational point (ay,...,aq_1) sends the
corresponding 8 = ag + a0 + - - - + ag_1a?! to its characteristic polynomial over
K. When 3 generates L, then its characteristic polynomial equals mg(z).

Proposition 2.7. Let K be any field, and let L/ K be a separable extension of degree
d with L = K(«). Then the morphism f, defined in (2.6) is finite and free of degree
d!. In particular f, is surjective.

Proof. 1t suffices to prove that the extension KTy, ..., Ty—1] — Klto,...,tq—1] is

free of rank d! after extension of the scalars to K, that is, it suffices to prove that
KTy, ..., Ty 1) — Klto, ..., tq_1] is free of rank d!.

Let o := o, and let a, . .., aq_1 denote the d distinct conjugates of o in K. Let
XT; ‘= Z Ckgtj € F[to, N ,td_l].
0<j<d-1

Let N denote the (d x d) Vandermonde matrix with coefficients n;; = ol 0<i,j<
d—1. As L/K is separable, N has non-zero determinant. Letting N* denote the
transpose of the matrix IV, we have

(1‘0, ce ,md_l) = (to, N ,td_l)Nt.

Recall that by construction,

d—1
Yoo () = Py + P+ -+ Py_ja ' 429 = H(x — ;).

=0
After we make the change of variables (g, ..., tq_1) — (2o, ..., z4-1), K[Ty, ..., Ty_1]
is sent to the K-subalgebra of K|z, ..., 74 1] generated by the symmetric functions
in xg,...,xq_1. It is a classical result that this extension is Galois with Galois
group the permutation group on d elements. As K[Ty,...,Ty_1] — Klxo, ..., 7q_1]
is finite, it is injective because both domains have the same Krull dimension. O

2.8 Proof of Theorem 2.1. We start by constructing hyperelliptic curves which
satisfy the conclusion (a) of the theorem. For each i = 1,... ¢, fix a generator
a; € L;, so that L, = K(«;). For later considerations, if L; = L;, then we choose
a; = a. For each i, consider the morphism f,, : A% — A% defined in (2.6). Identify
[1._, A% with A%, and consider

fo= fay X oo X foy : AL — AL

Using 2.7, we find that f is surjective. The source scheme A% will often be viewed as
[T,_, Resy., kA7, so that its K-rational points are canonically identified with T, L;.

For an affine space Aj. which appear in the source or target of the morphisms p and
r that we define below, we will often think of a K-rational point (my, ..., m. 1) €
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A% (K) as the monic polynomial mg + mx + ... +me_12°~ 1 + 2° € K[z]. Define
the affine morphism

t
peAg = [[AE — A%
i=1
such that on K-rational points,

,u(aél), o ,a&ll)_l, . ,aét), o ,a((ii)_l) = (mo,m1,...,mg_1),

with the property that

mo+mix+ ...+ md_lxd_l + %=
(a8 +aVz .ok al) a T ey (@) a2 ),

In terms of monic polynomials, the map p is defined by
(mY(z),...,mY () — m(z) == mO(z) - -mO(x).

We note that the morphism s is surjective. Indeed, it is surjective on K-points,
since any monic polynomial m(z) € K[z] of degree d = >_._, d; can be factored over
K into a product of monic polynomials of degrees di, ...,d;. When ¢t = 1, u is just
the identity map.

2.9 Given d > 7, let us define
n:=|(d—1)/2].

Given any polynomial m(z) € Klx] of even degree d, we use Lemma 2.4 to write
m(z) = h(z)* — {(z), with deg(h) = n + 1 and deg(f) < n. Given any polynomial
m(z) € K|x] of odd degree d, we use Lemma 2.4 to write xm(z) = h(x)? — {(x),
with deg(h) = n + 1 and deg(¢) < n. Finally, we define a K-morphism

. d n+1
T'AK—>AK 9

which sends (myg, ..., mg_1) to (o, ..., ln_1,4n), where m(z) = mo+...+mg_1297 1+
% and (..., 0, 1,0,) are the coefficients of the associated polynomial ¢(z) con-
sidered as a polynomial of degree n. We note here that the morphism r is surjective.
Indeed, it is clear when d is even that this morphism is surjective on K-points, since
given any point in A% (K) thought of as a polynomial £(x) of degree at most n,
¢(x) is the image under r of the point corresponding to —¢(x) thought of as a poly-
nomial of degree at most d. Similarly, when d is odd, this morphism is surjective on
K-points since, given any £(x) of degree at most n, £(z) is the image under r of the

point corresponding to m(z) := ((x(4T1/2 +/€(0))? — {(x)) /.
2.10 Consider the composition
(2.11) AL Ly Al By pd Ty AL

By the previous considerations, we know that it is surjective. Given a K-rational
point

1 1 t t
(aé),...,aél)_l,...,a((]),...,a((jt)_l)
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in the source of this composition, we obtain under the composition a K-rational
point (€o, ..., 0y 1,€,) in A% such that, letting £(z) = £y + ...+ £,2™ and

B = a(()l) +...+ a((ill)flafl_l, R a(()t) +...+ agt)flozft_l,

then the affine curve y* = ¢(x) contains the special points (3;, h(5;)) fori=1,...t.
Indeed, when d is even and yg, (z) denotes the characteristic polynomial of 3;, then
by construction

I xs.(@) = h(z)* — ().

Note that when d is odd, £(0) = h(0)?, so this curve also contains a K-rational point
(0,R(0)). If d = 0 mod 4, deg/(z) is odd and the point at infinity is a rational
point.

Consider the (affine) dense open subset V of A%%*! obtained as the complement
of the union of the hyperplane ¢,, = 0 and of the hypersurface disc(¢(z)) = 0. Any
K-rational point in V' corresponds to a separable polynomial ¢(z) € K[z] of degree
n. The equation y* = ¢(z) then defines a hyperelliptic curve over K, of genus g > 1
ifd>"T7.

We now define a dense open subscheme U in the source space H§:1 A;lg' of the
composition ropo f as follows. Recall that since L;/K is finite and separable, there
are only finitely many proper extensions F' of K in L;. Since F'is a subspace of the
K-vector space L;, if we identify A%(K) with L; using the base {1, a,... ,Ozf"*l},
we can find a hyperplane Hp in Afé such that F' C Hp(K). Consider the dense open
subset €2; of Afg obtained as the complement of the union of the hyperplanes Hp, the
union being taken over all F' proper extensions of K in L;. Any K-rational point in
Q; corresponds to f3; € L; with L; = K(;). Let U; denote the preimage of {; under
the projection map H;.ZI Afg — A‘;}. Finally, let U be the complement in N_,U; of
the 2-diagonals of A% (a 2-diagonal in an affine space Ay = Spec K[ti,...,t,] is a
hyperplane defined by an equation of the form ¢, —¢; = 0 with ¢ # j). Then any point
in U(K) induces pairwise distinct generators /3, ..., 8 of Ly, ..., L, respectively.

Consider now U’ the preimage of the dense open subset V C A% under the
composition r o o f. Then by construction, any K-rational point of

(2.12) Q:=UnU

defines a hyperelliptic curve, of the form y* = ¢(z) with ¢(x) of degree n, that
satisfies the conclusion (a) of the theorem. We now turn to showing that we can
find infinitely many non-isomorphic such curves.

2.13 Identify A% with Spec(K[(y, ..., /,]). Recall that over the open subscheme
V C A% the equation 32 = £,z™ + ... + {y defines, by definition of V, a family of
smooth proper hyperelliptic curves of genus g = [(n — 1)/2] > 0. We let C' — V
denote this family.

Suppose first n > 5, so that any fiber of C'//V has genus g > 2. Let M, /K be
the proper Deligne-Mumford stack of stable curves of genus g > 2 over Spec K (see
[14], 5.1). This stack admits a coarse moduli space M, x/K which is proper over
K.
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We will only use here the fact that M, /K exists, has positive dimension, and
that the natural K-morphism
V — Mg,K7

defined by the family C'/V, has an image W in M, x of positive dimension. This
latter fact is well known, and follows for instance from 6.2 or 6.3.
Thus the composition
Q—V —W

is dominant. As Q(K) is dense in Q C A% its image in W is a dense subset,
which is infinite since dim W > 0. Hence, we can find a subset S of Q(K) which is
infinite and maps bijectively onto its image. The hyperelliptic curves associated to
the elements of S are pairwise non-isomorphic over K, as desired.

Suppose now that n = 3 or 4, so that the curve X/K defined by y? = ¢(x) has
genus 1. Consider the K-morphism

iV — Aj,
which maps a separable polynomial ¢(x) of degree n to the j-invariant of the Jacobian
of X. Since we could not find an adequate reference in the literature, we briefly
recall in 6.4 how this morphism of schemes is defined. This morphism is surjective
on K-points and the same arguments as above show that we can find a subset S of
Q(K) which is infinite and maps bijectively onto its image. The hyperelliptic curves
associated to the elements of S are pairwise non-isomorphic over K, as desired.

2.14 It remains to show that infinitely many curves satisfy both conclusions (a)
and (b) of the theorem. For this we need to introduce the following notation. Let
R = HZ:1 L;. We write the base change V' Xgpec k Spec R as Vi. The tautological
family C' — V induces by base change the family Cy,, — Vg, and we can consider
the Weil restriction Resy,, ;yCy,, — V along the finite free morphism Vz — V', which
exists since Cy,, — Vi has projective fibers ([5], 7.6, Theorem 4). One checks that
there is a natural V-isomorphism

(215) ReSVR/VCVR — H ReSVLi/VCVLi .

The composition of maps A% 15 AL 5 Ad T A introduced in (2.11)
induces by restriction a natural morphism Q — V asin (2.12). This latter morphism
is loosely described as follows (when d is even). Given = (4, ..., ;) corresponding
to a point in Q(K), write the product of the minimal polynomials of 51, ..., 5, as
hs(x)? — £s(x). Then the image of § is £g(x) € V(K). The curve y* = lg(z) comes
equipped with the points (5;, hg(f;)). Our goal now is to express precisely how
these points depend on (. This is done through the following claim: The morphism
Q — V factors as

QO ReSVR/VOVR — 'V,
with an injective morphism ¢. In an imprecise manner, this factorization can be
described as follows: Given 3 = (f,. .., 8) corresponding to a point in Q(K), then

UB) = (B, hg(Pr), - - - ha(Br), ().

The second map, Resy, ,vCy,, = V, is simply the projection onto ¢3(z). To define
¢ more rigorously, we proceed as follows.
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2.16 An affine open subset of the curve C'/V is given in the affine plane A% by the
equation y? = £,2™ + ...+ {y. This affine scheme is the spectrum of the ring

Ov(V)[z, )/ (v — (Lnz” + ... + L))
In order to ease the notation, we identify as in (2.15) Resy,, /i Cy,, with IL ReSVLi /VCVLi7
and only describe here the morphism ) : Q — Resy, /VCVLl' Recall that ay is

the generator of L;/K involved in the definition of the morphism f (see 2.8), s

that we use below when computing the Weil restriction that {1, a, .. d1 1} is a
basis for L; over K. Denote by (a(()l), . ,afill)fl, . a(()t), . ag) 1) the Varlables of

AY =TI, A% Let us introduce variables ¥, . .., yq,—1 and define polynomials
fi - Kwo, . ,én,a(()l), . ,aéll)_l,yo,. .. ,ydl_l], 1= 0, - ,dl — 1,
uniquely by the equation

di—1 di—1 2 di—1 n di—1
Z fiah = (Z ylal) — ( n <Z a(1)0/1> +...+4 (Z agl)a’i> + E()) .

i=0 i=1
The Weil restriction from Vy, to V' of an open subscheme of Cy, —can be given as
the closed subscheme of Ad1 Xy Ac‘l} whose affine algebra is

A Ov(V)[GO )7 sy aglll)_pyOv cee 7yd171]/(f07 I 7fd1*1)'

Next we describe the homomorphism of K-algebras ¢f : AY — Oq(Q) such that

. Q— Resy, jvCy,, is obtained as the composition of ¢; : 2 — Spec AW with
the open inclusion Spec A C Resy, /vCy,, . Recall that the morphism AL —
A7 corresponds to a homomorphism

r* Kby, ..., 0] — K[mg, ... ,mg_1].

In the case d even, polynomials hg,...,h, € K[mg,...,mg_1] are defined by the
relation

mo+mixz+. .. Fmg 2 1t = (ho4. . A hpa" "2 (P (L) .. (L) 2").

The multiplication morphism A% —5 A% corresponds to a homomorphism

W Kimog, ... ,mg_1] — K[m(()l), . ,méll)_l, . ,mg), .,m((ii)_l].

Define polynomials Yy, ..., Yy 1 € K[m(()l)7 . mglll) Lo 7m(()), . mgt) 1] such that
Yo+ Yie+ -+ Ydl_lxdl_l is the remainder of the Euclidean d1v151on of the image

of hg + ...+ hya™ + 2™ by the polynomial m(()l) + 4 ml(ill)_lxdl_l +zh,
The morphism A% —5 AZ corresponds to a homomorphism
* 1 1 t t 1 1 t t
fr K[m(() ), . ,mgll)fl,...,m(()), . 7m:(it)—1] — K[a(() ), e 7“&1)717--'@(())» ailt) -

The homomorphism ¢] is then defined as follows:

1i(2) == (ropo f)*(z), for all z € Oy (V),
L*(CL(I)) = qV
1\ )

Gy) = (V).
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Note that the canonical homomorphism K [a(()l), e ,aglll)fl] — AW induces a mor-

phism Spec A® — A% whose pre-composition with ¢; : @ — Spec A1) is nothing
but the projection Q C A% — Af(l. This implies that ¢ := (M x - x & : Q —
Resy,, /v Cy, is injective (it is actually an immersion, but we do not need this fact.)

2.17 Now that the factorization €2 — Resy, ,yCy,, — V has been defined, we
proceed as follows. The tautological family C' — V of hyperelliptic curves introduced
in 2.13 comes equipped with a natural V-cover C' — P}, of degree 2. The choice of
the coordinate function z on P{, determines a section oo : V' — P},, and we denote
by D the divisor on C' obtained as the pull-back of the section co under the double
cover C' — P{,.

Let J/V denote the Jacobian of C'/V, and denote by J[N]/V the kernel of the
multiplication-by-/N on J. Then J[N] is a closed subscheme of .J, finite over V. The
divisor D on C'/V induces a finite V-morphism ¢p : C — J of degree at most 2%.
The natural morphism Cy,, — Jy,, obtained by base change from ¢p induces a finite
V-morphism

Q: ReSVR/VCVR — ReSVR/VJVR7

and Resy, v Jy;,, contains as a closed subscheme the scheme Fly := Resy, v J [Ny,
Consider the composition

Q0 — ReSVR/VCVR — RGSVR/VJVR.

We claim that the the image of € in Resy, v Jy;, does not lie in the closed subset
Fy. Indeed, assume ab absurdo that it does. Then, since 2 — Resy, v Cy;, is
injective and since Fiy — V' is a finite morphism, we find that the composition

Q— ReSVR/VCVR — ReSVR/VJVR —V

is quasi-finite. Since Q@ C A% and V C A% are two schemes of unequal dimension
and the morphism €2 — V' is dominant, we obtained a contradiction. Thus, the
image of 2 is not contained in Fly.

Let Uy denote the complement of F in Resy,, v Jy;,. Let U” denote the preimage
in € of the open subscheme Uy. The open subscheme U” is dense in €2, and we can
apply the argument of 2.13 to U” instead of ). Hence, we can find a subset S of
U”(K) which is infinite and maps bijectively onto its image. The hyperelliptic curves
associated to the elements of S are pairwise non-isomorphic over K, as desired.
Each such hyperelliptic curve X/K has a new point P, € X (L;) for i = 1,...,t.
In addition, since S C U”(K), the image of at least one P; under the natural L;-
morphism X, — Jac(Xy,) given by the divisor of degree 2 ‘at infinity’ cannot be
a torsion point of order dividing N!. Thus the order of this image is bigger than
N, or the image has infinite order. This completes the proof of Theorem 2.1, since
Parts (c¢) and (d) follow immediately from our construction.

Remark 2.18 Let K be a field with char(K') # 2. Let L/K be a finite separable
extension of degree d. When K is infinite, or is finite with |K| large enough, we
show below the existence of a curve X/K of low genus g with a new point over L
and a K-rational point. The method used here is much more elementary than the
method in Theorem 2.1, and also has the advantage of being completely explicit,
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but the bound on g obtained with this method is slightly weaker than the bound in
Theorem 2.1.

Choose an element o € L with L = K(«a). Let m(x) € K[z] denote the minimal
(monic) polynomial of a over K. Let f(z) € K[z] be a monic non-zero multiple of
m(z) of even degree 2n > d such that f(z) is not a square in Klz| and such that
fl(x) # 0 (e.g., f(z) = 2 9m(x)). Lemma 2.4 lets us find h(x) € K[z] monic
of degree n such that ¢(x) := h(z)?> — f(x) is of degree at most n — 1. The curve
defined by y* = ¢(x) has the new point (a, h(c)), and if it has positive genus, there
is nothing to do.

Assume then that y? = () defines a curve of genus 0. For any ¢ € K*, consider
the possibly singular curve defined by the equation

y? = 0(x) + 2h(z)c + 2.

By construction, this curve has a new point in X (L), namely («, h(a) + ¢). It is
possible to show using only elementary arguments that there exists ¢ € K* such that
{(z) +2h(z)c + * has only simple roots in K, and such that 2¢, the leading term of
{(z) +2h(x)c+c?, is a square in K. Then the projective curve X/K associated with
the above affine equation is a smooth hyperelliptic curve of genus g = [(n — 1)/2],
and it has a K-rational point at infinity. (This bound for g is not as good as the
bound achieved in Theorem 2.1 when deg(h(z)) is odd.) We leave the details to the
reader.

3. A REFINEMENT

When the extension L/K is of a special form, it is possible to further refine some
of the bounds given in Theorem 2.1.

Proposition 3.1. Let K be any infinite field with char(K) # 2. Let L/K be a

separable extension of degree d := ke, with d > 9, k > 2, and e > 3. Assume that L

contains a subextension Lo/ K of degree e over K such that L = Lo(/By) for some

Bo € Ly and some root /By € L of 2* — By. Fiz an integer N > 1. Then there exist

hyperelliptic curves X/K such that:

(a) X/K is given by an affine equation y* = £(x*) with deg ((x*) = (d —k)/2 if e is
odd, and deg ((x*) = (d — 2k)/2 if e is even. In addition, {(x*) is separable.

(b) X (L) contains a special new point P, and if e is odd, X also has a K -rational
point.

(c) There exists a finite K-morphism ¢ : X — Jac(X) of degree at most 229 such
that the image under ¢ of each of the d conjugates of P is of order larger than
N or has infinite order in Jac(X)(L).

Moreover, if e > b, then there exist infinitely many such curves, pairwise non-

1somorphic over K.

Proof. Let my(z) € K[z]| denote the minimal polynomial of 5y over K. The minimal
polynomial of /By over K is mg(z*). Let t(z) := x if e = degmg(x) is odd and
t(z) := 1 otherwise. Lemma 2.4 lets us write

t(x)mo(z) = h(z)? — £(z)
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for some appropriate h(z),¢(x) € Klz]. The curve X/K defined by the affine
equation y? = £(2¥) has the new L-point (¥/Bo, h(By)) and, when e is odd, it also
has the K-rational point (0, (0)).

When p = char(K') > 0, our hypothesis that L/Lg is separable implies that p does
not divide k. Thus, for £(z*) to have positive degree and distinct roots, we only
need ¢(z) to have positive degree and distinct non-zero roots. The polynomial ¢(z)
depends on the choice of 8y € Ly, and it may happen that y? = ¢(z) has genus 0.
When this is the case, we can pick v € L3, and let 8} := Byy*. Define {*/ﬁ_[’) = v/ B,
with ¢/} a root of #¥ — ). Then we still have L = Lo({/f}), and we can consider
as above the new curve y* = ((z) associated with ). We use below this simple
observation to show that there is one (and infinitely many when e > 5) curve X/K
which satisfy conditions (a) and (b) of the proposition.

We start by considering the morphism AlLD — AILO, with v — 7*f,, and denote
its Weil restriction to K by

. e e
S'AK—>AK'

On K-rational points, s maps (zo, ..., Ze—1) t0 (Yo, .., Ye—1), Where

Yo +y1Bo+ ...+ ye_lﬁé‘l =(zo+z180+ ...+ Ie—lﬁg_l)kﬁo-

This is a finite surjective morphism. We obtain a composition

A s A, Loy pe T pna1
where n := deg(t(z)mo(z))/2 — 1 € N, and the last two maps are described in 2.5
and 2.9, respectively. This composition is surjective. On K-rational points, it maps
v € Ly to {(z) € K[x] such that the characteristic polynomial of v*3, over K is
equal to h(x)? — ¢(z) with appropriate h(z) and ¢(z) as in Lemma 2.4.

Our argument now is very similar to the arguments given in the proof of Theorem
2.1. We will only sketch the main steps below, leaving the detailed verification to the
reader. Let V denote the open subset of the target space A}‘;“l corresponding to the
polynomials ¢(z) such that ¢(x) has degree n and has distinct non-zero roots. Let U
denote the open subset of Af = Resy,,xA}, corresponding to the elements 6 € Lo
with Lo = K (). Let W C A% be the intersection of s™*(U) with the preimage of
V' by the above composition 7 o fz, o s. Then W is open and non-empty, and any
rational point v € W(K) C Ly corresponds to an ¢(z) of degree n with distinct
non-zero roots in K. As e > 3, any such +y gives rise to an affine equation y? = £(x*)
defining a hyperelliptic curve satisfying properties (a) and (b).

To prove Part c), fix an N > 2. Let A%t = Spec K[ly,...,¢,]. Consider the
universal hyperelliptic curve C' over V C A% defined by the equation

Y2 = L™ 4 IR 2k

We can restrict W further as in 2.17, so that that the images by ¢p of the K-
conjugates of the point P = (v¥/By, h(7*3y)) have order larger than N for v €
W(K).

It remains to prove that our family of hyperelliptic curves is infinite when e > 5.
This amounts to showing that the natural morphisms V' — M, (if ¢ > 2) and
J: V. — A} (taking j-invariant) when g = 1 (see 2.13), are non-constant. This is
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equivalent to saying that over K, for any given n,k > 2, k prime to char(K), the
family of hyperelliptic curves defined by

Y = ap™ + - a2t +ag, (ag,...,a,) € V(K)
is non-constant. This statement follows from Lemma 6.3, which we apply to the
subfamily y? = 2™ + \z* + 1 if n — 1 is prime to char(K), and to the subfamily
y? = 2" + \2?* + 1 when char(K) divides n — 1. O

Remark 3.2 When e = 3 or 4, we have deg/(xz) = 1 and the curves appearing in
Proposition 3.1 (a) are of the form y? = az* + b and are thus isomorphic over K.

Corollary 3.3. Let K be an infinite field with char(K) # 2. Let L/ K be a separable
extension of degree d, with 1 < d < 10. Fiz an integer N > 2.

(1) There exist infinitely many elliptic curves X/ K with distinct j-invariants and
with a new point in X (L), which is either of order bigger than N or of infinite
order in X (L).

(2) When K is a global field, these new points can be chosen to be of infinite order.

Proof. (1) The corollary follows from Theorem 2.1 when d < 9 and d # 5, 6. Indeed,
ford =1, use L, = K fori =1,...,8, so that > ,[L; : K] = 8. For d = 2, use
Li=Lfori=1,...,4,sothat ) .[L;: K|=8. Ford=3,use L; = L fori=1,2,3,
so that > .[L;: K] =9. For d =4, use L; = L for i = 1,2, so that > .[L; : K| = 8.
For d =7,8,9, use L1 = L.

For the case d = 5, we use L; = L for ¢ = 1,2, so that ) ,[L; : K] = 10, and
consider the infinitely many curves X/K of genus 1 given by Theorem 2.1. If the
curve is elliptic, it thus has a point of degree 5. Assume then that the curve does
not have a K-rational point. Each such curve has then two new points over L such
that the image of one of the two points under a K-morphism X — Jac(X) of degree
4 has order bigger than N or has infinite order. Since the morphism is of degree
4 and the point has degree 5, we find that the image in the Jacobian of a point
of degree 5 in X still has degree 5 in the Jacobian. As the curves X are pairwise
non-isomorphic over K, the same is true for their Jacobians Jac(X).

Assume now that d = 10 and that L does not have a subextension of degree 5
over K. Consider X/K of genus 1 with a new point over L and the K-morphism
X — Jac(X) of degree 4 provided by Theorem 2.1. The image of any new point
of degree 10 has degree 10 or 5 over K. By assumption on L, the second case is
excluded and therefore we obtain a new point of degree 10 in Jac(X).

When d = 10 and L/K has a subextension L, of degree 5, we apply Proposition
3.1. In this case we obtain infinitely many curves of the form 3? = ax* + bx? + ¢
with a K-rational point, a new point P over L, and a morphism of degree 4 to their
Jacobians. Each curve also has a K-rational point @) = (0, /¢(0)), and we endow
X with the group structure that has ) as origin. We consider the divisor D := Q,
so that the morphism ¢p : X — Pic’(X) is a morphism of elliptic curves (it sends
Q to the origin of Pic’(X)). In order to have the point P have order at least N
on the elliptic curve (X, @), we apply Proposition 3.1 in the case where the points
obtained in the Jacobians have order at least 4/N.

Assume now that d = 6. Theorem 2.1 (applied in the case where L; = L and
Ly = K, and with the integer (N!)?) shows that there exist infinitely many elliptic
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curves X/K with a new point P € X(L) and a point ) € X(K) such that the
order of either P or @ is bigger than (N!)2. Indeed, Theorem 2.1 produces curves of
genus 1 with such points P and (), and we endow these curves, given by an equation
y? = {(z), with the structure of elliptic curves by picking the point at infinity as the
origin of the group law. Then the induced morphism ¢ : X — Jac(X) is a morphism
of group schemes, and if the image of either P or @) in Jac(X)(L) has order at least
(N!)? or is of infinite order, then the same holds for P or Q. If the order of P is at
most N, then consider the point P + Q). It is clear that P + @) is also a new point
in X (L) since if it were defined over a smaller extension M C L, then the point
P = (P+ Q) — Q would also be defined over M, a contradiction. If the order of
P + @ were also at most N, then the order of @ = (P + Q) — P would divide the
product of the orders of P and P + @, and thus would be a divisor of (N!)2. This
would be a contradiction since when the order P is at most N, the order of Q) is
larger than (N!)2.

(2) Assume that K is a number field. Then Merel [27] shows that there exists
an integer N, depending only on L, such that if X/L is any elliptic curve with an
L-rational torsion P, then the order of P is at most N. It follows from the first
statement of the corollary that there exist infinitely many elliptic curves E/K with
a new point P over L of order bigger than N or of infinite order. Hence, such P has
infinite order.

Assume now that K/k is the function field of a smooth connected curve over a
finite field k. Then Levin [22, Theorem 1] shows that there exists an integer N such
that if X/L is any elliptic curve with an L-rational torsion P and whose j-invariant
J(X) is not algebraic over k, then the order of P is at most N. Note that in our field
L, there are only finitely many elements which are algebraic over k£ by hypothesis.
Therefore, any infinite family of elliptic curves over L with distinct j-invariants has
an infinite subfamily with j-invariants transcendental over K. It follows from the
first statement of the corollary that there exist infinitely many elliptic curves E/K
with a new point P over L of order bigger than /N or of infinite order. Hence, such
P has infinite order. O

Remark 3.4 One may wonder whether it is possible to strengthen Theorem 2.1
and Corollary 3.3, over number fields for instance, to show that given a separable
extension L/K of degree at most 10, there exist infinitely many elliptic curves X /K
with a new point P in X (L) and trivial torsion subgroup in X (K).

Corollary 3.5. Let K be a number field. For each odd integer g > 1, there exists
a separable extension L/K with [L : K| = 6(g + 1) such that there exist infinitely
many smooth projective geometrically connected curves X/K of genus g, pairwise
non-isomorphic over K and with a new point over L.

Proof. Let Ly = K(f) be an extension of degree 6. Let L := Lo( **y/() and assume
that [L : Ly] = g+ 1. Apply Proposition 3.1 to the extension L and its subextension
Lo/ K to find infinitely many pairwise non-isomorphic hyperelliptic curves X/K of
genus g of the form y? = az?9*2 + ba9™! + ¢ with a new point over L. O

The hypothesis in 3.5 that K is a number field is only used to justify that K
indeed has extensions of the form L and Ly. When char(K) > 2, Corollary 3.5 is
strengthened in 4.2. It is also strengthened below when g = 1.
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Proposition 3.6. Let K be an infinite field. When char(K) # 2, assume that L] K
is an abelian extension of degree 12, 14, 15, 20, 21, or 30. When char(K) = 2,
assume that L/K is an abelian extension of degree 12, 14, 15, or 20. Then there
exist infinitely many elliptic curves E /K with pairwise distinct j-invariants and with
a new point over L.

Proof. Assume first that [L : K] # 21 or 30. In all remaining cases, [L : K] = p%¢®
for some distinct primes p and ¢, and a,b > 1. Since L/K is abelian, we can find
two abelian subextensions of L, L;/K and Ly/K of degrees p® and ¢ respectively,
such that L = L{Lo.

We have seen in 2.1 that when char(K) # 2 and p® + ¢° + 1 < 10, there exist
infinitely many elliptic curves E/K with pairwise distinct j-invariants and with a
new point P over L; and a new point () over L,. The same result is proved in
Theorem 7.3 when char(K) = 2 when [L: K] =15 (use 34+ 4 =7 and 3+ 5 = 38),
and in Theorem 7.7 in the other two cases (use 2+ 7 = 4+ 5 = 9). Then the
statement of the proposition follows immediately from Proposition 3.7 below, in the
case e = 1.

Assume now that char(K) # 2 and that [L : K| = 21 or 30. In this case, since
3+7=2+3+5=10, 2.1 shows that there exist infinitely many curves E/K of
genus 1 with pairwise distinct j-invariants and with new points of degrees 3 and 7,
and degrees 2, 3, and 5, respectively. Since a genus 1 curve F/K with points of
coprime degrees has a K-rational point, we find that the curves of genus 1 are in
fact elliptic curves. Then the statement of the proposition follows immediately from
3.7 below, in the case e = 1. O

Our next proposition shows that two new points on an elliptic curve can often be
used to construct a third new point in a larger extension.

Proposition 3.7. Let K be any field, and let K denote an algebraic closure of
K. Let Li/K and Ly/K be two extensions contained in K such that Ly € Ly and
Lo € Ly. Let L := L1Ly. Let E/K be an elliptic curve (or any abelian variety) with
new points P € E(Ly) over Ly and Q € E(Lsy) over Ly. Denote by K(P + Q) the
subfield of L generated by the coordinates of the point P+Q € E(L). Then K(P+Q)
cannot be contained in either Ly or L. If moreover Ly and Ly are linearly disjoint
over K, then [K(P + Q) : K] > max{[L; : K|, [Ly : K]}.

Assume now that Ly /K and Lo/ K are Galois and linearly disjoint, and let e(L;/ K)
denote the exponent of the Galois group of L;/ K. Set e := ged(e(L1/K),e(Ly/K)).
If E(K) does not contain any non-trivial torsion point of order dividing e (this
always holds if e = 1), then the point P+ Q € E(L) is a new point over L.

When E(K) contains a non-trivial torsion point of prime order p and K is a
number field, then there exists a finite set S of Galois extensions such that if L1 and
Lo are distinct cyclic extensions of degree p and Ly, Ly ¢ S, then P+ Q € E(L) is
a new point over L.

Proof. Let Ly := K(P+Q). The equality (P+Q)+(—Q) = P shows that L; C LyLs.
In particular, if Ly C Ls, then we find that L; C Ls, which is a contradiction.
Since L; C LyL3, we find that L3ls = L. If L; and L, are linearly disjoint, then
[L1: K][Ly: K| =|[L: K] <|[L3: K]|[Ly: K|, s0 [Ly: K] <[Ls: K].
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When both L;/K and L,/K are Galois and linearly disjoint, L/K is a Galois
extension with Galois group G which we identify with Gal(L,/K) x Gal(Ly/K).
Assume that K (P + @) # L. Then there exists o € Gal(L,/K) x {id}, with o #
(id,id), and 7 € {id} x Gal(Ly/K), with T # (id, id), such that c7(P+ Q) = P+ Q.
By hypothesis, 0(Q) = Q, 7(P) = P. Tt follows that o(P) + 7(Q) = P+ @, so that
o(P)— P =@Q —7(Q). Since o(P) — P € E(Ly) and Q — 7(Q) € E(Ls), we find
that T':= o(P) — P = Q — 7(Q) is in fact in E(K). Since by assumption P is a new
point over L, we have o(P) # P, so that T is not trivial.

We claim that ord(c) = ord(7). Indeed, for any positive power d, we still have

drd(P + Q) = P + @, which implies that ¢?(P) — P = Q — 7%(Q). If 0 # id, we
find that o?(P) # P, so that 7¢ # id. Since the argument is symmetric in o and 7,
our claim follows.

Let then m := ord(¢) = ord(7), and let [m] : E — E denote the multiplication-
by-m morphism. We claim that [m]P € E(L@) and [m)Q € E(LY), and that
T € E(K) is a torsion point of order m. Indeed, o'(P)—P € E(K) since o*(P)—P =
oY T)+ -+ 0o(T)+ T = [{JT. By construction, Y ", a’( ) € E(LY). Hence,
(m|P = ZZ L0'(P) — S oi(P) — P) is also in E(L{”). Moreover, we have
P =o0(P)—T, so that [m|P = o([m]P) — [m]T, and since 0([m] )=[m ]P, we find
that [m|T is trivial. To see that T has order m, recall that ¢?(P) — P = [d|T, so
that if [d]T is trivial, then so is 0.

Assume now that L; and Ly are cyclic of order p. It follows from the above
discussion that if K(P + Q) # L, then [p|P € E(K) and [p|Q € E(K). When K
is a number field, we can use the key point in the proof of the Weak Mordell-Weil
Theorem: if m is any integer and M denotes the smallest extension that contains
the fields of definition of all points R such that [m]R € E(K), then the extension
M/K is finite. O

Remark 3.8 It is conjectured in [12], 1.2, that if p > 7 is prime and F/Q is an
elliptic curve, then there exist only finitely many cyclic extensions L/Q of degree p
such that the rank of E(L) is bigger than the rank of E(Q).

Example 3.9 Let K be a field of characteristic different from 2. Consider an elliptic
curve E/K given by y? = z(2% + asxr +a4). Let T := (0,0). Let F//K be a quadratic
extension and let o be the generator of Gal(F'/K). One can show that there exists
P € E(K) such that K(P) = F and

(3.10) P-o(P)=T

if and only if either F = K (v/d) for some d € K such that d(d? — 2asd + a3 — 4ay)
is a square in K, or F' = K(y/a3 — 4ay4), in which case we set d := 0 in the next
sentence. The point P is then

= (o, £Vda)

where « (possibly in K) is a root of T2 + (as — d)T + a4 € K[T]. If P and Q are
two points satisfying (3.10) with K(P) # K(Q), then by the computations in the
proof of Proposition 3.7, K(P + Q) is a quadratic extension different from K (P)
and K(Q). Note that y? = x(2? — 2asx + a3 — 4ay) is an explicit equation for the
quotient E/(T).
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Example 3.11 Let K be a field of characteristic different from 2. Consider the
elliptic curve E/K given by y? = 2° + az?+ bz + c¢. Assume that 2° + az?+ bx +c is
irreducible in K[z| and has a splitting field of degree 6. Then the three non-trivial
points P;, Py, and Py of order 2 are defined over three different (non-Galois) cubic
extensions of K, and P, + P, = —P;.

4. FINITENESS OF THE NUMBER OF CURVES WITH A NEW POINT OVER L

Fix an integer g > 2. In [8], Theorem 1.2, Caporaso, Harris, and Mazur, show
that if the Strong Lang Conjecture holds, then there exists an integer N(g) such
that for any number field F' there are only finitely many smooth projective curves
of genus ¢ defined over F' with more than N(g) F-rational points. Let us note that
the above statement implies the following:

4.1 Fix an integer g > 2. If the Strong Lang Conjecture holds, then there exists an
integer c(g), depending on g only, such that given a number field K and any finite
collection of finite extensions L;/K (the extensions L; need not be distinct) with
Zle[Li : K| > ¢(g), then there exist only finitely many smooth proper geometrically
connected curves X/K of genus g with distinct closed points Py,..., P, in X such
that the residue field K(P;)/K is isomorphic to L;/K fori=1,... t.

To prove the above statement, we show that in fact it is possible to take ¢(g) =
N(g). Indeed, suppose given a smooth proper geometrically connected curve X/K
of genus g with distinct closed points Py, ..., P, in X such that the residue field
K(P;)/K is isomorphic to L;/K for i = 1,...,t. Then over the smallest Galois
extension L of K containing Li,..., L;, we find that X (L) contains Y_/_ [L; : K]
points, since each closed point P; corresponds to [L; : K| distinct points in X (L). To
conclude, we use the fact that given a curve Y/K of genus g > 2, the isomorphism
classes of curves Y’/K which become L-isomorphic to Y/ K over a Galois extension
L/K are in bijection with the elements of the set H'(Gal(L/K), Autz(Y%)), and
that this set is finite since both Gal(L/K') and Autz(Y%) are finite.

In fact, it turns out that the statement 4.1 is equivalent to the statement of
Theorem 1.2 in [8]. Indeed, assuming that the statement 4.1 holds, consider a
number field F' and a smooth curve X/F of genus g defined over F' with ¢ > ¢(g)
F-rational points. Applying 4.1 to the case K = F and L; = K foralli =1,...,t,
we find that the number of such curves X/F must be finite.

Assuming that an integer ¢(g) exists as in 4.1, there also exists an integer d(g)
such that given a number field K and an extension L/K with [L : K] > d(g), then
there exist only finitely many smooth proper geometrically connected curves X/K of
genus g with a closed point P in X such that the residue field K(P)/K is isomorphic
to L/K. It is clear by definition that the minimal such integer d(g) is such that
d(g) < c(g). It follows from Corollary 3.5 that d(g) > 6(g + 1). It is known that
N(g) > 16(g+1) (see, e.g., [7], Section 5, for a proof of this fact due to A. Brumer).

It is known that no analogue of the integer N(g) can be defined in the function
field setting [9]. We show below using a variant on the example in [9] that no
analogue of the integer d(g) can be defined either in the function field setting in
positive characteristic.
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Proposition 4.2. Let p > 2 be prime. Let K be an infinite field with char(K) = p.
Let g > 1 be coprime to p. Suppose that d > 2 is an integer such that for some
m > 1, d divides p™ +1. Let L/K be a Kummer extension of degree d. When either
g or d is odd, there exist infinitely many hyperelliptic curves of genus g over K,
pairwise non-isomorphic over K, with a new point over L and a K -rational point.

Proof. By hypothesis, we can write L = K(6) with § = 27 for some element z € K.
When d is odd, we can find such a 0 with z = u? for some v € K. Let a := g?"*! =
2" +1/d ¢ K and assume that a9 # 1. Let C,/K denote the hyperelliptic curve of
genus g defined by the equation

y? = z(z? 4+ 1) (a9 + af).

This curve always has a K-rational point, and we now show that it has a special
new point over L. Let us define a square root of #9*! in L as follows. If g is odd,
then we simply take 9+1/2 Suppose now that ¢ is even. By hypothesis, d is then
odd. Let 6; := u~'0(@+1)/2_ Then 6§ = #? and we define #9T1/2 to be 9™ € L. The
reader will verify that C, admits the special new point

P = (z,y) = (0,09D/2(g9 4 1)¥" /2

over the field L.

Given any v € K*, let @' := 720, and 2’ := 7??z. By construction, 2”2 = (yu)?2.
Clearly L = K(#'). Let a' := (¢/)?" /4 Then a9 = %" +g9. Since K is
assumed to be infinite, we find that if a? = 1, then there exists v € K* such that
729" +1) £ 1 and thus such that a’9 # 1. In fact, all but finitely many v € K* are
such that a'9 # 1, and for any ~ with @’ # 1, the curve C, has genus g, and also
has a new special point over L.

It remains to prove that there exists an infinite subset S of K* such that the
curves in the set {Cy},ecs are pairwise non-isomorphic over K. This is done in
Lemma 6.2. 0J

Remark 4.3 Let A be a noetherian factorial domain of positive dimension, and let
K be its field of fractions. Then K has non-trivial Kummer extensions of all possible
degrees, and Proposition 4.2 can be applied to K. Indeed, let d > 1 be any integer.
Let m be a maximal ideal of A. Since A is noetherian of positive dimension, we can
choose @ € m\ m?. The polynomial ¢ — o € A[z] is then irreducible in A[z] by the
Eisenstein criterion. Since A is factorial, Gauss’ Lemma implies that z¢ — « is also
irreducible in K[z|. It would be very interesting to know whether an analogue of
Proposition 4.2 when K has characteristic 0 can be true.

4.4 We now provide some evidence that the analogue of the integer d(g) does not
exist for g = 1. More precisely, let \/m denote a root of #* — m, with ¢ > 2 prime
and m an integer such that z* — m is irreducible over Q. Let L := Q({/m). We
suggest below that there exist infinitely many elliptic curves £/Q with a new point
over L.

For this we will need to assume several conjectures. First, assume that there exist
infinitely many primes p of the form u? + 64 with u € N (see [13], Conjecture 1). Tt
is known that for each such prime p, there exists an elliptic curve E,/Q of conductor
p with a 2-torsion point over Q and split multiplicative reduction at p. Such a curve
is called a Neumann-Setzer elliptic curve ([28], [32]). We suggest that there exist
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infinitely many primes p as above such that the elliptic curve E,/Q has a new point
over L.

New points over L will be obtained using the Parity Conjecture, which states
that over a number field K, the rank rank(E/K) of the Mordell-Weil group of an
elliptic curve F'/K and the root number w(F/K) of the elliptic curve are related
by the formula (—1)kE/K) = ,(E/K) (see, e.g., [16], 1.1). The Parity Conjecture
implies that if £/Q is an elliptic curve such that w(E/Q) # w(EL/L), then E must
have a new point over L. Indeed, the former condition, under the Parity Conjecture,
implies that the rank of F(L) is larger than the rank of E(Q). Since Q is the only
proper subfield of L because [L : Q] is prime by hypothesis, we conclude that F
must have a new point over L, as desired.

The root number of an elliptic curve is obtained as a product of local root numbers.
The local root number is equal to —1 when the place is archimedean, or when it is
non-archimedean with split multiplicative reduction (see, e.g., [16], 3.1). The local
root number is +1 when the elliptic curve has good reduction at the place.

Let E,/Q be an elliptic curve of prime conductor p, with split multiplicative
reduction at p. It follows that w(E/Q) = 1. When the curve has a Q-rational
2-torsion point, the rank of £,(Q) is 0 (see [25], 9.10). Let us now compute the root
number w(Ey/L).

The extension L/Q has 1+ Z_Tl archimedean places. Let s denote the number of
prime ideals of O that contain p. Since the elliptic curve E;/L has split multi-
plicative reduction at all places above (p), we find that

w(Br/L) = (=1) D2 (1),

In our discussion, m is fixed and p varies. Thus except for finitely many exceptions,
we can assume that p is coprime to m. For such a prime p, Z[/m] localized at a
prime above p is a discrete valuation ring and, thus, the factorization of (p) in Oy,
is obtained using the factorization of ¢ — m modulo p.

In our discussion, ¢ is fixed. Thus it seems reasonable to conjecture that there
exist infinitely many primes p of the form u? + 64 such that ¢ is coprime to p — 1
(in fact, if ¢ = 3,5, or 6, modulo 7, then £ { p — 1). Then m = M* (mod p) for
some integer M, and the factorization of 2 — m modulo p is obtained from the
factorization of 2 — 1 in F,[z]. For this we compute the order f of p modulo ¢,
and find that 2 — 1 has s :== 1 + 4_71 irreducible factors, so that there are exactly

14 E_Tl prime ideals Op above (p). It seems reasonable to conjecture that among

the infinitely many primes p of the form u? 4 64 such that ¢ is coprime to p — 1,
infinitely many of them are such that s is even, and infinitely many are such that s
is odd.

When considering the set of all primes p # ¢ and not only the much smaller subset
of primes p of the form u® + 64, Chebotarev’s Theorem can be applied to the Galois
extension Q((;) to obtain the following result: Assume that ¢ = 3,5, or 6, modulo
7, and that ¢ = 3 (mod 4). Then the density of primes p such that s is even is 1/2,
and the density of primes p such that s is odd is also 1/2. Indeed, the Galois group
G of Q(¢r)/Q is cyclic of order ¢ — 1, and the number of prime ideals above (p) in
Z[Ce) is (¢ —1)/ord(c), where o is the Frobenius element associated with (p). When
¢ =3 (mod 4), (¢{—1)/ord(o) is even if and only if o belongs to the unique subgroup
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H of index 2 in GG. It follows from Chebotarev’s Theorem that the density of primes
p such that the number of prime ideals above (p) in Z[(,] is even is |H|/|G| = 1/2.
If the above conjectures are true, then there exists a sequence of Kummer exten-
sions L of increasing degree ¢, and for each such field, there exist infinitely many
primes p as above such that the elliptic curve E,/Q has a new point over L.

We show in 5.6, using a completely different method, that when ¢ = 11 there exist
infinitely many pairwise non-isomorphic elliptic curves over Q with a new point over
L. (This method might also apply to fields L := K(/m) of characteristic prime to
¢ =11.) That the same statement holds when ¢ =5 or 7 follows from 3.3.

Remark 4.5 We discuss in this remark some analogies between statements obtained
by reversing the roles played by a curve of genus g and an extension of degree d.
Let L/K be a fixed extension of degree d > 1. Consider the set G of all integers
g > 1 such that there exists a smooth proper geometrically connected curve X/K
of genus g with a new point in L. When K is infinite of characteristic different from
2, Theorem 2.2 shows that if ¢ > d/4 (and g > 2), then g € G. Moreover, for each
such ‘large’ g, there exist infinitely many pairwise non-isomorphic curves X/K of
genus g with a new point on L.

An analogous result holds true when the roles of L/K and X/K are reversed.
Indeed, fix a curve X/K of genus g > 1, and consider the set D of all integers d > 1
such that there exists a finite extension L/K of degree d such that X/K has a new
point over L. When K is a number field, we noted in [19], 7.5, that if X /K has index
1, then there exists a bound dy = dy(g) such that if d > dy, then d € D. This result
uses Hilbert’s Irreducibility Theorem on a K-morphism X — P! of degree d. We
note that for all such ‘large’ d, Hilbert’s Irreducibility Theorem implies that there
exists infinitely many fibers Spec L which are irreducible, and since the curve has
genus g > 1, we can use Mordell’'s Conjecture to conclude that there are infinitely
many pairwise non-isomorphic such fibers.

Recall now the Caporaso-Harris-Mazur result 4.1 (under the Strong Lang con-
jecture), which states that if K is a number field and g > 1 is fixed, then there
exists an integer d = d(g) such that if L/K is an extension of degree at least d, then
there exist only finitely many smooth proper geometrically connected curves X/K
of genus ¢g with a new point over L. A possible analogue of this statement when
the roles of L/K and X/K are reversed could be the following theorem of Frey [18],
Proposition 2, which uses a deep result of Faltings [17] (see also [2], Corollary 3.4).
Recall that the gonality of a curve X/K is the smallest integer v such that there
exists a non-constant K-morphism X — PL of degree .

4.6 Let K be a number field and d > 1 be fived. If X/K is a smooth proper geo-
metrically connected curve of gonality at least 2d + 1, then there exist only finitely
many extensions L/ K of degree d over which X/K has a new point.

5. EXAMPLES

Let K = Q. Even for standard families of number fields L/Q, such as the cyclo-
tomic fields Q((,,) or their maximal totally real subfields Q(¢,)™, it is not known in
general whether there exists an elliptic curve E/Q with a new point over L.
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Some sporadic examples are known, such as when n = 43, 67, and 163, where the
existence of an elliptic curve E/Q with complex multiplication and a new torsion
point of order n over Q((,)" is established in [15], Lemma 4.

5.1 Since Q((,)/Q is abelian of degree ¢(n), we can use Proposition 3.6 when
©(n) = 12 or 20 to show the existence of infinitely many elliptic curves E/Q with
a new point over Q((,). Recall that ¢(n) = 16 when n = 17, 32, 34, 40, 48, or 60.
We do not know of an explicit elliptic curve E/Q with a new point over Q((;7) (see
however 5.2).

When viewing Q((s2), Q((40), and Q({ys), as Kummer extensions of degree 4 over
an appropriate subfield of degree 4, Proposition 3.1 shows that there exist genus 1
curves with a new point over such Q((,). For these three cases where the degree is
16, we leave it to the reader to exhibit such a genus 1 curve with a Q-rational point.

In the case of Q((g), we proceed using the method of 3.6 and 3.7. Let f(x) :=
(22 +1)(2* +2+1)(z* + 23+ 2% + 2+ 1), which we write as f(z) = h(z)? +{(x) with
U(z) = (1/4)(2®+ 322 /2+ 2 +15/16). It turns out that ¢(z) is irreducible in Q[x] so
that the elliptic curve defined by y? = —¢(z) has no non-trivial Q-rational 2-torsion
points. Thus, the points P := (i, h(7)), @ = (¢3,h((3)), and R := ({5, h((5)) add to
a point P + Q + R which is a new point over the field Q(7, (3, (5) = Q({go)-

Remark 5.2 Given a number field L and an elliptic curve E/K, it is sometimes
possible to conjecturally determine that E/K has a new point over L as follows.
For every proper maximal subfield Ly of L/K, compute the analytic rank of F
over Lg. If, for each such maximal proper subfield, the analytic rank of £ over L
is strictly larger than the analytic rank over Ly, then the Birch and Swinnerton-
Dyer Conjecture would imply that the algebraic rank of E over L is larger than the
algebraic rank of E over Ly and, thus, that E/K has a new point over L. (We use
here that the Q-vector space E(L) ® Q cannot be the union of finitely many proper
subspaces. )

In the table below, for a given field L/Q, we list the Cremona labels of the first
elliptic curves E'/Q with a (conjectural) new point over L found by this method: we
used Magma [6] to test the analytic ranks over relevant subfields of each curve in
Cremona’s table [10] up to a certain conductor.

L E/Q L E/Q

Q(Ci7) | 139al, 143al, 161al, 168al || Q(as) | 49al, 82al, 201b1
Q(¢9) | 17al, 33al, 80al, 124b1 Q(Ca7) | 37al, 73al, 91al
Q(Ca3) | 89al, 94al, 170el Q(Ca) | 17al, 84al, 264bl
Q(Co3)™ | 89al, 197al, 794b1, 954h1 || Q(Cs1) | 50al, 90al, 136al
Q(Cyr)* | 204b1, 786m1 Q(Cs3) | 46al, 65al, 69al

We note that when the analytic rank of a given elliptic curve F/K is larger than 3,
AnalyticRank(E) in Magma only returns an integer that is ‘probably’ the analytic
rank of F/K.

5.3 When [Q(¢,) : Q] = 12, it follows from 2.1 that there exist infinitely many
curves X/Q of genus g = 2 with a new point over Q(¢,). When [Q((,) : Q] = 16,
the same result holds using 3.1 and the fact that Q(¢,) is a Kummer extension of
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degree 2 over Q((,)". We give below the smallest known genus g > 2 where there
exists a curve X/Q of genus g with a new point over Q((¢,) for some extensions with

[Q(¢n) : Q] > 18.

g|L

2| Q(C9), Q(Ca5), Q(Car), Q(Cr2)

3| Q(C33), Q(C35), Q(Cas), Q(Cs6), Q(Cos), Q(Csa), Q(Cos)
41 Q(Ca3), Q(C39), Q(Cas), Q(Cs2)

5| Q(C29), Q(Ga1)

The cases of Q((19) and Q((31) are treated in 5.4. The other cases follow from 3.1,
including the case of Q({s7), which we view as a Kummer extension of degree 3 on
top of an extension of degree 6. We view Q((r2) as a Kummer extension of degree 6
over a field of degree 4. We view Q((25) and Q((35) as Kummer extensions of degree
5 and 7 over a field of degree 4. We view Q((56) and Q((s4) as Kummer extensions of
degree 7 over a field of degree 4. We view Q((s4) and Q((os) as Kummer extensions
of degree 8 over a field of degree 4.

Example 5.4 Let p be a prime, and consider the cyclotomic field Q(¢,). Let f(z)
denote the minimal polynomial of o := (,(1 — (,) over Q. Then (computational
evidence indicates that) there exists t(x) € Z[z] of degree (p — 3)/2 such that
f(x) = 27! + pt(z), and that moreover, ord, ;(¢(z)) = 1, unless 6 divides p — 1, in
which case ord,_1(t(x)) = 2.

It follows that when 6 divides p — 1, the curve y? = —pt(x)/(z — 1)? has the new
point (a, a?~1/2 /(o — 1)), and when (p — 1)/6 is odd, it has genus g one less than
the bound obtained in 3.1 or 2.1. For instance, when p = 19 and 31, we find that
g = 2 and 5, respectively.

Example 5.5 (Kummer Extensions.) Consider the field L := Q({/m), where
V/m denotes a root of * —m € Z[z]. Assume that ¢ > 3 is prime and that 2* —m is
irreducible over Q, so that L/Q does not contain any subextension. Thus, Propo-
sition 3.1 does not apply, and Theorem 2.1 shows that there exists a hyperelliptic
curve of genus g = | (¢ — 3)/4| with a new point over L.

When ¢ =3 mod 4, the method discussed in 2.18 allows us to exhibit an explicit
such curve, given by the equation y? = 4z*+V/2 4+ ma 4 4, of genus (¢ — 3)/4 when
42 D/2 4 ma + 4 is separable, with the K-rational point (0,2) and the new point
(Y, (/)72 +2).

When ¢ =1 mod 4, one can exhibit an explicit curve of genus |(¢ — 3)/4] with
a new point over L as follows. The minimal polynomial f(z) of

o = V(1 - V/m)

is of the form f(z) = 2' 4+ mt(x) with t(z) € Z[z] of degree (¢ — 1)/2. Indeed, the
polynomial (z* —m)((1 — z)* — m) is invariant under the map x — (1 —x), and can
thus be expressed as a polynomial in the variable z := z(1 — z). Writing

(" —m)((1 —2)" —=m) = (z(1 — 2))" = ma’ —m(1 — ) +m?* = f(2),
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we find that f(2) = 2/ —mz“"D/2+ ... 4+ m? —m, as desired. We thus have obtained
the curve y?> = —mat(r) with the new point (o, a*1/2) over L and a Q-rational
point. This curve has genus (¢ —3)/4 when ¢ =3 mod 4. When ¢/ =1 mod 4, it is
very easy to explicitly express zf(z) = h(x)? — £(x) as in Lemma 2.4 to obtain an
explicit curve of genus | (¢ — 3)/4| with a new point over L.

5.6 As above, L := Q(/m), and assume now that ¢ = 11. Then we can slightly
improve Theorem 2.1 as follows. Indeed, the minimal polynomial of « is

f(z) =™ + 11m(a® — 52" + 72° — 42 + ) + m(m — 1),

and we find that (a,a?) is a new point on the genus 1 curve with the Q-rational
point (0,0) given by the cubic

y® 4+ 1lm(ya® — bay + Ty — 42° + 22) + m(m — 1)

The j-invariant of the Jacobian of this cubic is a non-constant rational function
j(m) in the variable m. Thus, it is possible to find infinitely many integers of
the form a''mg, with a a non-zero integer, such that the j-invariants j(a''my) are
pairwise distinct, producing in this way infinitely many pairwise non-isomorphic
elliptic curves E,i1,,,,/Q with a new point over L = Q(/mo) = Q(va‘my).

5.7 When ¢ > 13, we provide in 4.4 some evidence that there might exist an elliptic
curve X/Q with a new point over L := Q(y/m). We do not know how to exhibit
explicit examples of such points.

When 6 divides ¢ — 1 and L := Q(v/3*) with 3* := 3(—1)~1/2, the polynomial
t(z) € Q[z] associated to o with m = (—1/3)~1/2 is always divisible by (x — 1/3)?
(a similar phenomenon is mentioned in 5.4). Thus, the curve y* = zt(x)/(x — 1/3)?
has a new point over L and when (¢ — 1)/6 is odd, it has genus one less than the
genus of the curves obtained with 2.1.

Let us now exploit the existence of special Fermat quotients when ¢ =1 mod 3
to show that in fact, for some values of m such as m = 2, there exists a smooth
projective curve X/Q of genus (¢ — 1)/6 with a new point over L. Recall that the
Fermat curve, given by the equation z¢ 4 y* = 2%, has ¢ — 2 quotients C, of genus
(¢ —1)/2, given by the equation y* = (z — 1)2® for a € [1,¢ — 2].

The curve C,/Q has the new points (2, v/2¢), (=1, (—1)**'v/2), and (1/2, —1/v/2a+1)
over L = Q(v/2). It turns out that when a>+a+1=0 mod ¢, the curve C,/K has
an extra K-automorphism o of order 3 and the three points above form an orbit of
o. The quotient X := C, /(o) has genus (¢ — 1)/6 ([20], 4.1). Since the quotient
C, — X has degree 3, and [L : Q] = ¢ # 3, we find that X also has a new point
over L; it also has a Q-rational point since C, does.

Remark 5.8 It is possible to give a slightly more precise description of the minimal
polynomial f(x) of « introduced in 5.5. When ¢ > 13, we find that
f(z) = 2" +m(m—1) + bma(x — 1)

0-3)/2,.(6—5)/2 (=5¢-71(¢-10) 3  (£=5¢=7),2 , (£-5)
<(—1)( 2092 4 51 e i x—l).

Consider now the above polynomial f(z) as a polynomial f(z,m) € Zlx, m],
defining a plane curve. It turns out that this plane curve has always genus 0,
because when we view f(z,m) = 0 as defining a hyperelliptic curve with equation of
the form m2+mg(x)+x‘ = 0 and we complete the square, we find that 2 —g(z)?/4 =
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(z—1/4)h(x)? for some polynomial h(x) € Z[x], with h(z) = 2~1/2 — KQT_Ix(Z*3)/2+
o+ (—1)(6*1)/2Wx2 — (¢ —2)x + 1). The splitting fields of the polynomials

g(x) and h(x) are both isomorphic to the totally real cyclotomic subfield Q({,)*. It

turns out that h(z) is the minimal polynomial of 1/w, where w := (, + ¢, ' + 2.

Example 5.9 (Artin-Schreier Extensions). Let K be a field of characteristic
different from 2 or 3. Consider an Artin-Schreier extension L = K(«), where « is
a root of an irreducible polynomial z* — (az + b) € K[z] with ab # 0, and in this
example ¢ € N need not be prime. When ¢ + 1 is divisible by 3 (resp. by 4), we
find that the elliptic curve 3* = ax? + bz has the new point (a, o173 and that
y* = ax? + bz has the new point (a, o!*1/4). Note that these two elliptic curves are
not isomorphic over K and thus when £ + 1 is divisible by 12 we have two different
elliptic curves with a new point over L. When ¢ — 2 is divisible by 4, we find that
the elliptic curve y* = ax + bx? has the new point (1/a, a!*=2/4) over L.

When ¢ = 12, the above does not apply. In this case however, o’ is a root of
f(z) = 212 —5ab*z° —5a3bx® —a®x—b° (a machine easily checks that f(x®) is divisible
by #'2 —ax — b in K[a,b][z]). We then find that the cubic curve y* — 5b*yx = 5bx® +
a*z + b° has the new point (aa®, a?°) over K(a®). The discriminant of the Jacobian
of this genus 1 curve over Z[a, b] is A = —25b?(432a** + 93535a'2b™ + 2000°2).

When ¢ = 13, o® is a root of f(z) = z'3 — 5abz® + 5a*V?2® — a®x — b°. We then
find that the curve y? — 5abyz? = —5a*b*z* + a®z? + b°z has the new point (o, a*®)
over K (a”) and the K-rational point (0,0). The discriminant of the Jacobian of this
genus 1 curve over Z[a,b] is A = —5a*b'?(16a'® + 1350'2).

When ¢ = 6g+4, o? is the root of f(x) = 2%+ —3az?9"3 4302292 — a3z — b3, and
we find a curve (of genus g in general) of the form y*—3ayz9*t = —3a%2?9 2 +-a32+b3
with a new point over L. When ¢ = 6g+5, o is the root of f(z) = 2% —3abz?2 —
adr — b3

6. NON-CONSTANT FAMILIES

Let K be an infinite field. We recall here a method for showing that a one-
parameter family of smooth projective curves is not constant. The lemmas in this
section are used in 2.13, 3.1, and 4.2.

Let U be an affine integral smooth curve over K. Let X — U be a family of
smooth projective curves of genus g > 1, that is, X — U is a smooth projective
morphism whose fibers are geometrically connected curves of genus g. Let S be a
regular compactification of U. To prove that the families we are dealing with have
infinitely many non isomorphic members, we will show that they have a limit fiber
above some point of s € S\ U which is a stable non-smooth curve. Let us explain
the principle.

Let M, i /K be the proper Deligne-Mumford stack of stable curves of genus g > 2
over Spec K (see [14], 5.1). This stack admits a coarse moduli space M, r /K which
is proper over K. Denote by M g, i the open subset corresponding to smooth stable
curves of genus ¢g. By definition, there exists a K-morphism U — M ; x Which sends
a geometric point v of U to the point of M g’ x Which represents the isomorphism
class of the fiber of X — U above .
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6.1 Suppose that there are infinitely many closed fibers of X — U which are iso-
morphic over K. Then the morphism U — M, g x 1s not quasi-finite. As dimU =1,

the map is constant. Since M, /K is proper, the morphism U — M, 0 'k extends to
a morphism S — M, k, Wthh is also constant. We claim that the genemc fiber of
X — U has then potentzally good reduction over Spec Og  for any s € S\ U. Indeed,
by the stable reduction theorem, there exists an integral proper regular curve 7'/ K,
a finite surjective morphism p : T'— S and a stable curve X’ — T of genus g such
that X xy p~H(U) = X' xpp~Y(U). The morphism T'— M,  induced by X’ — T is
the same as the composition 7" = S — M, x because M, i is separated. Therefore
T — M,k has constant image in M ;- and X" — T'is smooth.

We are going to use 6.1 in the proof of the following two lemmas.

Lemma 6.2. Let g > 1. Let K be an infinite field of characteristic different from 2
and prime to g.

(1) For any A € K* with N9 # 1, let X denote the hyperelliptic curve over K defined
by the equation y* = x(x9 4+ 1)(x9 + \9). Then there exists an infinite subset S
of K* such that the curves Xy, A € S, are pairwise non-isomorphic over K.

(2) The hyperelliptic curve X/K(t) defined by the equation y* = x(z9 + 1)(z9 + t9)
does not have potentially good reduction over Spec K [t]).

Lemma 6.3. Let K be an infinite field of characteristic different from 2. Let N—2 >

k > 2 be two integers, with N — k and k both prime to the characteristic exponent

of K.

(1) Let Xy/K denote the hyperelliptic curve defined by y* = 2 4+ Xa* + 1 (smooth
except for finitely values of A\ € F*) Then there exists an infinite subset S of
K* such that the curves Xy, A € S, are pairwise non-isomorphic over K.

(2) The hyperelliptic curve X/K (t) defined by the equation y* = ta™ + 2% +t does
not have potentially good reduction over Spec K |t]).

The statement 6.1 is used in the proof of both lemmas to show that (2) implies
(1) when g > 2. To prove (2), we compute enough of a regular model for the curve
X/K(t), over an extension K (s) of the form s* = ¢ for some a > 1, to show that the
semi-stable reduction of the curve X/K (t) cannot be good. The stable reduction of
a hyperelliptic curve over K (t) with char(K) # 2 is well understood (see, e.g., [4]).
Here we follow a general method described in [23], 3.9 and 3.10.

Let y*> = f(z) denote an equation for X, with f(x) separable. Make a finite
separable extension F'/K(t) such that the polynomial f(z) has all its roots in F.
Consider the quotient 7 : X — PL of X by the hyperelliptic involution, and con-
struct a model J/Op of PL such that the points in the branch locus of 7 specialize
to distinct points in the smooth locus of the special fiber of ). Let X'/Op denote
the integral closure of ) in the function field of Xp/F. Consider the natural finite
morphism 7 : X — ). The curve X/K cannot have potentially good reduction if
we can find a model Y with two components I" and I in the special fiber of ) such
that the preimages 7~1(T") and 7= 1(I") are irreducible curves of positive geometric
genus. This is the general strategy that we have adopted to prove Part (2) in the
above lemmas. We now indicate how to find such curves 7= (T') and 7—!(I") of
positive genus, and leave it to the reader to completely justify our computations.
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Proof of Lemma 6.2 (2). When g = 1, the reduction of X/K (t) over R := K[t];x[ is
multiplicative already. Suppose now that g is even. Let F' = K (s) with s> = ¢. Then
the curve X/ F has stable reduction over R[s] with reduction consisting in the union
of two smooth curves of genus g/2 meeting at one point. This can be seen using the
two charts y? = x(x9+1)(29+5%), and (y/z9")? = (1/2)(s*(1/2)7+1)((1/z)9+1).
In both charts, we find in reduction a curve y? = z(29+1), of genus ¢g/2. This shows
that the stable reduction of X/K (t) cannot be good.

If g > 11is odd, then X/K(t) has stable reduction over R with reduction equal to
the union of two smooth curves of genus (g—1)/2 meeting at two points. This can be
seen using the two charts y* = z(29 4 1)(29 4+ t9), and (y/z9™)% = (1/z)(t(1/z)? +
1)((1/x)94+1). This shows that the stable reduction of X/K(t) cannot be good. [

Proof of Lemma 6.3 when N > 5. The hyperelliptic curve over K (u) given by the
equation y? = 2V + ux® + 1 is isomorphic over K(s) with s> = 1/u to the curve
given by 22 = sz + 2 + s2. This latter curve in turn is isomorphic to the curve
Xr/F where F' = K(t)(s) with s = t. Thus indeed, Part (2) implies Part (1) when
g=2.

In the case where N = 4 and k = 2, the curve has genus 1 and its semi-stable
reduction is multiplicative. In general, we work over F' = K (s), where s2#(N=k) —
t and consider the following two charts: First, 32 = s2VV=RgN 4 ok + 1 with
r1 = 2/s"N"R and y; = y/s*N k) which in reduction gives a curve y? = x¥ + 1
of genus g1 := |(k — 1)/2] (we use here that k is coprime to char(K)). Second,
Y2 = ah(zY 7 + 1) + sV and x5 # 0, with z, = s?*z and y, = s*'y, which gives
in reduction y3 = z5(2Y " + 1), of genus gy := |(N — k — 1)/2] if k is even, and
g2 = [ (N —k)/2] is k is odd. Note that we exclude the points with x5 = 0 which
correspond to the intersections points with the above irreducible component. Thus
we found two components of positive genus except when £k =2, or k=N —2 and N
is even. Note that in the latter case, we can reduce to the case kK = 2 by a change of
variables. Let us then consider the case k = 2, where g5 = g(X) — 1. In this case,
the stable reduction consists of the curve of genus g, with one node. O

6.4 We now consider families of curves of genus ¢ = 1. Let V denote the open
subset of Spec K|a, b, ¢, d, €], respectively of Spec Kb, ¢, d, ], where the polynomial
{(z) = ax* 4+ bx® + cx?® + dx + e is separable of degree 4, respectively 3. We explicitly
define below the K-morphism

jiV — A,
which maps a separable polynomial ¢(x) of degree n to the j-invariant of the Jacobian
of the curve X/K of genus 1 defined by y? = /(z).

Given {(z) = az* + bx® + cx?® + dx + e, we have the usual invariants I := 12ae —
3bd + ¢* and J := T2ace + 9bed — 27ad* — 27eb* — 2¢% (see, e.g., [3], or [11]). The
quantity 47% — J? is equal to 27 times the discriminant of ¢(x). When char(K) # 2,
we let the j-invariant be

413

Y
= YaE = ey

Claim 6.5. The curves y> = (1(z) and y? = lo(x) are not isomorphic over K if the
J-invariants associated to the polynomials 1(x) and ls(x) are not equal.
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Indeed, this is well known when char(K) # 2,3: When deg(¢(x)) = 3, this j-
invariant is the j-invariant of the elliptic curve given by the Weierstrass equation
y* = {(z). When deg({(x)) = 4, the curve X/K given by y? = {(x) has genus 1, and
its Jacobian E/K has j-invariant j. In this case, the elliptic curve E/K is given
by y? = 23 — 271z — 27J and a natural K-morphism X — E of degree 4 is given
explicitly in [3] or [11], Remarks, 3., page 681. Clearly, the curves y*> = ¢;(x) and
y* = ly(x) are not isomorphic over K if their Jacobians are not isomorphic.

Assume now that char(K) = 3. Let R = W(K) denote the Witt ring (complete
discrete local ring of characteristic 0) associated with the algebraic closure of K. Let
(7) denote its maximal ideal. Lift the curve X/K given by the equation y? = {(z)
to a curve X /R given by an equation y? = f(z) with /() € R[z]. More precisely,
we obtain a smooth proper morphism X — SpecR, and associated to this family
of smooth proper curves of genus 1 is its Jacobian fibration J — SpecR. The
latter has a section and is a smooth proper family of elliptic curves. Since R has
characteristic 0, we can compute the j-invariant of the Jacobian of the generic fiber
of X (that is, of the generic fiber of J — SpecR) using the equation y? = £(z). The

reduction modulo 7 of j(X) is the j-invariant attached to ¢(z), given by the formula
J = 64%, and this element of K* is the j-invariant of the Jacobian of X.

Proof of 6.2 (1) when g = 1, and 6.3 (1) when N = 4. In both cases, since V is
irreducible, it suffices to show that the morphism j : V' — AL is not constant. We
leave this verification to the reader.

7. IN ALL CHARACTERISTICS

Let K be any field, and let L/K be any finite separable extension of degree d. Let
g > 1 be any integer. We obtained in Theorem 2.1 the existence of a hyperelliptic
curve of genus ¢g with a new point over L when g > d/4, under the additional
condition that char(K’) # 2. We revisit this question in this section when K is any
infinite field of any characteristic, and obtain the existence of a hyperelliptic curve
with a new point over L mostly only when g > d/2 — 3. The method of proof in
the case where char(K) # 2 consisted in exploiting the existence of the approximate
square root of a polynomial, while in this section, we only exploit the fact that a
finite separable extension can be generated by an element with null trace. We start
with a straightforward lemma.

Lemma 7.1. Let K be any field. Let Li/K,...,L;/K be separable extensions of
degree d;. Set d := Yi_,d;. Let g > |d/2] be an integer. Then there evists a

hyperelliptic curve X/K of genus g with a K-rational point and a new point in
X(L;) for each i =1,...,t,

Proof. By removing some [L;’s if necessary we can suppose that the extensions
are pairwise non-isomorphic. Choose an element o; € L; with L; = K(a;). Let
m(x) = [[, mi(x) € K[z] denote the product of the minimal (monic) polynomial
m;(z) of o over K. By hypothesis, degm(z) = d and m(z) is separable. Con-
sider the hyperelliptic curve X/K given by the affine equation y? = m(z) f(z) when
char(K) # 2, and y*> + y = m(x)f(x) when char(K) = 2, where f(z) € K[z] is a
separable polynomial coprime to m(z) of the following degree (we leave it to the
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reader to check that such a polynomial exists even when K is finite): when d is even,
we choose deg(f) > 1 odd, so that the genus of X/K is g with 29+ 1 = d + deg(f).
When d is odd, we choose deg(f) > 0 even, so that the genus of X/K is g with
29+ 1 = d+ deg(f). The curve X/K has the obvious new points P; = («;,0) in
X(L;), and one K-rational point at infinity. O

Remark 7.2 When char(K) = 2 in 7.1, we can take the L;/K to be only simple
over K, and not necessarily separable.

The above lemma is slightly improved in our next theorem. In view of Theorem
2.1, this is a useful improvement only in the case where char(K) = 2.

Theorem 7.3. Let K be any infinite field. For each i = 1,...,t, let L;/K be
a separable extension of degree d; (the extensions L; need not be distinct). Let
d:= 2;1 d;. Assume d > 7. Then there exist infinitely many hyperelliptic curves
X/K of genus g = |(d — 5)/2]|, pairwise non-isomorphic over K, such that:

(a) The curve X contains distinct new points Py € X(Ly),..., P, € X(L;). More
precisely, let (QQ; denote the image of the point P; : Spec L; — X. Then Qq,...,Q;
are t distinct closed points of X.

(b) The curve X/K has at least two additional K-rational points distinct from
Q1,...,Q¢. When d is odd, then X/K has at least three additional K -rational
points distinct from Qq, ..., Q.

Proof. Let us explain the strategy of proof. Choose elements g; € L; with L; =
K(B;). Let m(z) := [[, mi(z) € K[z] denote the product of the minimal (monic)
polynomial m;(z) of 3; over K. When d = 2n, write m(z) = 2% + ag_12¢ 1 + -+ +
ayx+ag. By construction, ag # 0. Our goal is to show the existence of such elements
with ag_1; = 0. Consider then the equation

(7.4) Y 4 (Agn_ot" 2+ Fay)y = —ap_ 12" — - — a17 — ay.
If its discriminant is non-zero, it defines a hyperelliptic curve of genus g = d/2 — 3
with two distinct rational points at infinity (n > 2) and the new L-points (5;, 5I")
foreachi=1,...,t.

When d = 2n — 1 is odd, we proceed similarly and find elements [3; such that we
can write xm(z) = 22" 4 Agp_ox® "2 4 -+ 4+ a1 with a; # 0. We then consider the
equation

(7.5) VP + (agn o™ 2+ -+ a,)y = —ap, 12" — - —ayz.

If its discriminant is non-zero, it defines a hyperelliptic curve of genus g = (d +
1)/2 —3 with two distinct rational points at infinity and a third rational point (0, 0).
Moreover, (5;, B') for each i = 1,...,t, are new L-points on the curve.

7.6 We start as in the proof of Theorem 2.1 in 2.8. For each ¢ = 1,...,t, fix
a generator «; € L;, so that L; = K(«;). For each i, consider the morphism
far = A% — A% defined in (2.6). Identify [['_, A% with A%, and consider

= fay X oo X fo s AL — AL
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Using 2.7, we find that f is surjective. Define an affine surjective morphism

t
pe Ak =A% — A%
i=1
such that on K-rational points,

(a61)7 s 70’211)—17 cee 7ag)t)7 ce 7a’£ltt)—1) — <a0’a1’ o ’ad_l)

with the property that

d—1 d
ag+ax+ ...+ ag_1x + =

(aél) + agl)x +...+ a((ill)_lxdl_l S R (a[()t) +- 4 a((ft)_lxdt_l + ).
In the target space A% with coordinates (ag, a1, . .., aq_1), consider the hyperplane

H' given by a4—1 = 0. Since each trace map Try, /i is K-linear, the preimage of H’
under g o f is again a hyperplane defined over K in the source space A% (given in
the appropriate coordinates by the equation 22:1 Trr,/x = 0).

Consider the restriction (o f)y : H — H'. In H', consider the open subspace
V' where the discriminant of the equation (7.4) when d is even and (7.5) when d is
odd, is non-zero.

It is easy to check that V' is non-empty (for instance in characteristic 2, the
equations y? + 2" 2y = x + 1 when d is even and y? + 2" 2y = x when d is odd
have non-zero discriminants) and, hence, is dense in H'. Consider the preimage of
V under the morphism (p o f);g. As in the proof of Theorem 2.1, we argue when
K is infinite that we can find infinitely many rational points in this preimage that
corresponds to (f1,...,0:) € [[, L; with L; = K(8;) and such that the equations
(7.4) or (7.5) define smooth hyperelliptic curves. We leave the details of the proof
to the reader. O

Our next theorem uses an idea already found in [31], and improves Theorem 7.3
when d = 9. Theorem 7.7 provides an alternate proof, in all characteristics, of
Theorem 2.1 when d < 9. The proof of Part (b) is omitted below, as it is very
similar to the proof of the analogous statement in Theorem 2.1.

Theorem 7.7. Keep the hypotheses of Theorem 7.3 and suppose that d = 9.

(a) Then there exist infinitely many elliptic curves X/ K, pairwise distinct over K,
such that the statement (a) in Theorem 7.3 holds. Moreover,

(b) Let F be any finite extension of K containing the L;’s. Then the image of at
least one of the P;’s in X(F') has either order larger than N or is of infinite
order.

Proof. Let us explain the strategy of proof. Choose elements 3; € L with L; =
K(5;). Let m(z) := [[, m;(z) € K|z] denote the product of the minimal (monic)
polynomial m;(x) of 8; over K. Write m(z) = 2° + agz® + ... + a;z + ap. Then
consider the cubic plane curve X/K given by the equation:

224 arx2® + agyz? + asxz + aaryz + asy’z + ax’y + axy® + agy’.

This curve has the K-rational point (1: 0 : 0), and this point is smooth if ay # 0 or
as # 0. By construction, this cubic curve has the new point (8;2: 3;° : 1) € X (L;)
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for all e =1,...,t when ag = 0. One can show, as we did in 7.6, that it is possible
to choose the elements (3; such that ag = 0 and such that the above plane curve is
smooth, so that it defines an elliptic curve over K. We leave the details of the proof
to the reader. O

Remark 7.8 Given a separable extension L/K of degree d > 9, we do not know
whether there always exists an elliptic curve X/K with a new point over L. When
d = 10, Proposition 7.3 produces only a curve X/K of genus ¢ = 2 with a new point
over L.

8. FINITE FIELDS AND LARGE FIELDS

We consider in this section fields K for which we can, given any finite separable
extension L/K and integer g > 1, prove the existence of a smooth projective geomet-
rically connected curve X/K of genus g with a new point over L. The case L = K
holds for any K and any g > 1, as can be easily seen by exhibiting appropriate
hyperelliptic curves.

Proposition 8.1. Let K be a finite field. Let L/K be any finite extension. Let
g > 1. Then there exists a smooth projective geometrically connected curve X/K of
genus g with a new point over L.

Proof. Let K = F, and let L = [F,a. As pointed out above, the case d = 1 is easy.
Assume now that d = ¢° is a positive power of a single prime ¢. Recall the Weil
bounds for a smooth projective geometrically connected curve X/F, and any d > 1:

¢+ 1-29v/q? < |X(Fpa)| < g%+ 1+29v/¢%
If the inequality
¢ 1+ 29V gt < ¢ 41— 290/

is satisfied, then every smooth projective geometrically connected curve of genus g
has a new point over F «. Otherwise, we have

d_ dJe
29 > B
/qd+ /qd/e

Clearly, we have \/E— Vq¥t > d — 1 (except when ¢ = 2 and d < 4), so that
2g > d — 1. We can then apply 7.1 to all cases except when ¢ = 2, d = 4, and
g =1, to find that there exists a curve of genus g > 1 over F, with a new point over
L = F,. In the case where ¢ = 2, d = 4 and g = 1, we consider the elliptic curve
v +y=2>+12+1. Let @ € Fig be a root of z* + 23 + 22 + z + 1 € Fy[x] (which is
irreducible). Then (a, a?) is a new point in Fyg.

Assume now that d is divisible by exactly m > 1 distinct primes ¢4, . .., {,,. If the
inequality

m

(8.2) > (qd“i + 1429y qd/‘i) <t +1-29/¢¢

i=1
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holds, then every smooth projective geometrically connected curve of genus ¢ has a
new point over F . If the inequality (8.2) is not satisfied, then

D N et Uk VI A D el U e

vVt + X Vet (m +1)g*?

D > q¥?)(m +1) — 1.

Except when ¢ = 2 and d = 6, we find that ¢%2/(m + 1) — 1 > d — 1, so that
2g > d—1. When ¢ = 2 and d = 6, a direct computation finds that 2g > 5.77, so
that again 2g > d — 1. We can apply 7.1 again to conclude. 0

Recall that a field K is called large if every geometrically integral scheme of finite
type X/K with a K-rational smooth point is such that X (K) is Zariski-dense in X.
PAC fields, and fields of fractions of domains which are Henselian with respect to a
nontrivial ideal, are large (see [29], 1.A, and [30], 1.1).

Proposition 8.3. Let K be a large field. Let X/ K be a geometrically integral scheme
of finite type of positive dimension with a smooth K-rational point. Let L/K be a
finite separable extension. Then X/K has infinitely many new points over L.

Proof. Since we assume that X/K is geometrically integral of finite type with a
smooth K-point, we can find in X a geometrically integral smooth open affine
subscheme of finite type which contains a smooth K-point ([5], 2.3/16). Thus, it
suffices to prove the proposition when X is affine and smooth of finite type. Since
we assume that L/K is separable, there exist only finitely many proper subfields F
of L containing K. For each such subfield F', consider the Weil restriction Wr/K
of Xp/F from F to K, which exists since X/K is affine ([5], 7.6, Theorem 4). Then
we have a natural closed K-immersion Wr — Wp. By construction, this immersion
induces on K-points the natural inclusion Wgp(K) = X(F) C X(L) = W (K).

Since X /L is geometrically integral and smooth over L, we find that W /K
is geometrically integral over K (see Lemma 8.4) and smooth over K ([5], 7.6,
Proposition 5). Since X (K) is not empty by hypothesis, and since we have a closed
immersion X — Wy, we find that W, has a (smooth) K-rational point. It follows
from the fact that K is large that W (K) is dense in Wi.

Consider the non-empty open subscheme V/K of W /K obtained by removing the
finitely many closed subschemes Wg from Wy, where F' runs through all extensions
of K'in L, F # L. Since W (K) is dense in Wy, we find that V(K) is dense in V.
In particular, there exist infinitely many K-points on V/K, and this infinite set of
K-points on V' corresponds to an infinite set of new L-points in X (L). O

As we noted at the beginning of this section, there always exists a smooth pro-
jective geometrically connected curve over K of any given genus g > 1 with a
K-rational point, to which we can apply Proposition 8.3 when K is large. Proposi-
tion 8.3, which can be applied when K = Q,, indicates that, given a finite extension
L/Q and integer g > 1, there is no ‘local obstruction’ to the existence of a smooth
curve X/Q of genus g with a Q-rational point and with a new point over L.

The following statement is probably well known, but we include a proof here
because we did not find it proved in the literature.
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Lemma 8.4. Let L/K be a finite separable extension. Assume that Y/L is a geo-
metrically integral quasi-projective variety L. Then Resp/k(Y)/K is geometrically
integral over K.

Proof. Cﬁoose K an algebraic closure of K with K C L C K. Then there is a
natural K-isomorphism

RGSL/K(Y) XKF — ResL@mF/?(Y XTI (L XK K))

Consider now a scheme S and two S-schemes S;/S and S5/S, with the induced
morphism Sy LSy — S. Let Z;/S; and Z3/S; be two schemes. Then when all three
WEeil restrictions below exist, we find a natural isomorphism of S-schemes

Res(51u52)/5(21 LJ ZQ) — Ressl/S(Zl) X g ReSS2/S(Z2).

We use this isomor [)hiSIIl and the fact that IJ/K is Separable to d a natural K-
iS()lll()[‘phjSm fin n
L®KK/K(} X (L ®K K)) (jr X7 Kv)[LK]

Since Y x, K is integral by hypothesis, so is (Y x K )&l O
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