WILD MODELS OF CURVES
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ABSTRACT. Let K be a complete discrete valuation field with ring of integers O and
algebraically closed residue field k of characteristic p > 0. Let X/K be a smooth proper
geometrically connected curve of genus g > 0, with X (K) # @ if g = 1. Assume that X/K
does not have good reduction, and that it obtains good reduction over a Galois extension
L/K of degree p. Let /Oy be the smooth model of X1 /L. Let H := Gal(L/K).

In this article, we provide information on the regular model of X/K obtained by
desingularizing the wild quotient singularities of the quotient }’/H. The most precise
information on the resolution of these quotient singularities is obtained when the special
fiber Y /k is ordinary. As a corollary, we are able to produce for each odd prime p
an infinite class of wild quotient singularities having pairwise distinct resolution graphs.
The information on the regular model of X/K also allows us to gather insight into the
p-part of the component group of the Néron model of the Jacobian of X.

KEYWORDS Model of a curve, ordinary curve, cyclic quotient singularity, wild, arith-
metical tree, resolution graph, component group, Néron model.
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1. INTRODUCTION

Let K be a complete discrete valuation field with valuation v, ring of integers Ok and
residue field k of characteristic p > 0, assumed to be algebraically closed. Let X/K be a
smooth proper geometrically connected curve of genus g > 0, with X(K) # (0 if g = 1.

Assume that X/K does not have good reduction, and that it obtains good reduction
over a Galois extension L/K. Let Y/Op be the smooth model of X /L. Let H :=
Gal(L/K) and let Z/Ok denote the quotient Y/H. A regular model for X/K can be
obtained by resolving the singularities of the scheme Z. Our goal is to obtain information
on this regular model when p divides [L : K]. Since the presence of wild ramification
renders the subject quite challenging, we will restrict our attention in this article to the
case where [L : K] = p.

Beyond our interest in models of curves per se, our motivation for understanding these
regular models is two-fold. First, since X" is obtained by desingularizing certain quotient
singularities, we hope to gain more insight in the general theory of resolutions of wild
quotient singularities by producing interesting classes of examples where the singularities
can be resolved explicitly. Second, since from a regular model of the curve one can
compute much of the Néron model of its Jacobian, we hope to bring new insight into the
structure of the rather mysterious p-part of the component group of the Néron model of a
general abelian variety from an increased understanding of the special case of Jacobians
of curves.

Let us introduce some notation needed to state our theorems. Let ¢ denote a generator
of H := Gal(L/K). Denote also by ¢ the automorphism of ) induced by the action of
H on Y. The scheme Z is singular exactly at the images @)1, ..., Q4 of the ramification
points Py, ..., Py, of the map YV — YVi/ (o) (5.2). Consider the regular model X — Z
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obtained from Z by a minimal desingularization. Let X’ — X denote the regular model
of X/K minimal with the property that X, has smooth components and normal crossings.
Let f denote the composition X’ — Z. Let Cy/k denote the strict transform in X" of the
irreducible closed subscheme Z7? of Z. Let Dy, ..., Dg denote the irreducible components
of X that meet Cy. Let r; denote the multiplicity of D;, i =1,...,d, in X}.

Recall that to any connected curve Uy_,Cy on a regular model X we associate a graph
G as follows: the vertices are the irreducible components Cy, and in G the vertices C; and
C; (i # j) are linked by exactly (C; - C;)x edges, where (C; - C;)x denotes the intersection
number of C; and C; on the regular scheme X. Recall that the degree of a vertex v of
a graph is the number of edges attached to v. A node on a graph is a vertex of degree
at least 3. A vertex of degree 1 is a terminal vertexr. A chain is a subgraph of G with
vertices Cy, C1,...,C,, n > 1, such that C; is linked to C;y; by exactly one edge in G
when ¢ = 0,...,n—1, and the degree of C; is 2 when ¢ = 1,...,n—1. If the chain contains
a terminal vertex (which can only be Cj or C,,), the chain is called a terminal chain.

Let G denote the graph associated with X;. We assume d > 1. Foreach i =1,...,d,
let Gg, denote the graph associated with the curve f~1(Q;). In particular, D; corre-
sponds to a vertex of Gg,. We have the following configuration on the graph G' (where a
positive integer next to a vertex denotes the multiplicity of the corresponding irreducible
component in X”).

Theorem 5.3. Let X/K be a curve with potentially good reduction after a wildly ramified
extension L/ K of degree p, as above. Keep the above notation. Then, for alli=1,...,d,
the graph Gg, contains a node of G, and p divides r;.

In contrast, when H is of prime order g # p, then it is known that ¢ > r; and that the
graph G, does not contain a node of G. In particular, when L/K is tame and d > 3, the
graph G has only a single node, the component Cj (see, e.g., [14], 2.1).

We propose in 6.1 a combinatorial measure g, gg, of the complexity of the graph Go,,
which we conjecturally relate in 6.2 to the higher ramification data of the morphism
Vi — Yi/ (o). This conjectural relationship expresses the fact that the graph Gy, is
‘complicated’” only if the higher ramification above @); is ‘large’. We prove this conjecture
in the ordinary case (6.4).

Recall that a smooth proper curve Y/k of genus g is called ordinary if its Jacobian J/k
is an ordinary abelian variety (that is, J(k) has exactly p? points of order dividing p).
When ) is ordinary, the morphism ), — Y/ (o) has the smallest possible ramification
data at each @Q); (2.2), and in this case we can use Theorem 5.3 to describe the graph
G, explicitly, as in the following theorem, whose statement is slightly strengthened in
the version given in section 6. In the graph below, a bullet ® represents an irreducible
component of the desingularization of ();. A negative number next to a vertex is the
self-intersection of the component. A positive number next to a vertex is the multiplicity
of the corresponding component in A7.

Theorem (see 6.8). Let X/K be a curve with potentially good reduction after a Galois
extension L/ K of degree p, as above. Assume that Yy ordinary. Then, for alli=1,...,d,
we have r; = p, and G, is a graph with a single node C;, of degree 3:
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The intersection matriz N(p, ;,r1(2)) of the resolution of Q; is uniquely determined as
in 4.7 by the two integers a; and r1(i), with 1 < r1(i) < p. The integer «; denotes the
number of vertices of self-intersection —2 (including the node C;) on the chain in Gg,
connecting the node Cy to the single node C; of Gg,, and the integer «; is divisible by p.

To further determine the regular model, one would need to determine explicitly the
integers «; and 7(i). We will address this issue in [20]. In all cases where we have been
able to compute «; and 7 (i), we found them to be related to the valuation of the different
of L/ K. More precisely, let (s/x +1)(p—1) denote the valuation of the different of L/K.
In [20], 1.1, we present some instances where o; = psp i, and (i) = —SZ/IK modulo p.
We also show in [20], 4.1, that the singularities (); are rational.

Remark 1.1 The same type of intersection matrix, N(p, a;,71(7)), also occurs in the
resolution of the singularities of the model Z when X /K has genus p — 1 and Jac(X)/K
has purely toric reduction after an extension of degree p ([18], 2.2).

Remark 1.2 The special fiber of the model X' /Ok of X/K in Theorem 6.8 has thus a
graph with a central vertex to which d branches are attached, of the form described below,
where we picture the case d = 4.

Fix any d > 1. We establish in 6.8 and 6.13 the existence of some field K of residue
characteristic p > 0 and of some smooth proper curve X/K with a regular model whose
special fiber has a graph of the above type. This is clearly a weak existence result, but
our understanding of models in the presence of wild ramification is so limited that even
this weak existence result does not follow from the general existence results of Viehweg

[30] and Winters [31].
An immediate but surprising corollary to Theorem 6.8 is as follows.

Corollary (see 6.10). Let X/K be a curve of genus g > 1 with potentially good reduction
after a Galois extension L/K of degree p, as above. Assume that Yy is ordinary. Then

X(K) #0.

The information on the regular model of X/K obtained in Theorem 6.8, while incom-
plete to fully describe the special fiber of the model, suffices to compute several invariants
of arithmetical interest. For instance, the set of components of multiplicity 1 on the spe-
cial fiber of the model is determined, and this information is one of the ingredients needed
to apply the method of Chabauty-Coleman to bound the number of QQ-rational points on
a curve X/Q using the reduction at a small prime p, as in [21], 1.1. Let A/K denote the
Jacobian of A/K, with Néron model A/Og and component group ®4/x. The information
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obtained in Theorem 6.8 suffices to compute ®4,x and a new canonical subgroup @9 K
of @,/ that we now define.

1.3 Let A/K be an abelian variety, with Néron model A/Of. Let L/K be any finite
extension, and let A’/Op, denote the Néron model of Ay /L. Denote by

HZAXOKOL—>A,

the canonical map induced by the functoriality property of Néron models. The special
fiber Ay is an extension of a finite group ®,/k, called the group of components, by the
connected component of zero A2 of Ay:

OﬁAgﬁAk%q)A/K%O.

Assume that Ay /L has semi-stable reduction, and consider the natural map ®,,x —
1 /m(AY). We let

@%/K = Ker(®a/x — A,/n(A})).

The subgroup <I>104 JK does not depend on the choice of such an extension L/K, and is
functorial in A. Our interest in this subgroup stems from the following conjectures.

When A/K has potentially good reduction and, more generally, when the toric rank of
AY is trivial, we conjecture that the order of the group ®4 /K 18 bounded by a constant
depending only on the dimension g of A/K ([15], p. 146). This statement is true when
A/K is a Jacobian ([15], 2.4), and for the prime-to-p part of ®4,x ([16], 2.15). Since
[L : K)? kills the group ® 4,5 when the toric rank of A is trivial ([11], 1.8), we find that to
prove the conjecture that ® 4,k is bounded by a constant depending only on g, it suffices
to prove that the minimal number of generators of ® 4,k can be bounded by a constant
depending on g only. We guess, under the above hypotheses, that ® 4/, can be generated
by 2¢g elements.

Assume now that A/K has potentially good reduction. The p-torsion in Aj, can always
be generated by at most g elements. Thus the above conjecture is proved if the p-part
of the kernel ®° /K can be generated by a number of elements bounded by a constant
depending on ¢ only (possibly 2¢). In the ordinary case, where the p-torsion in A} is
minimally generated by ¢ elements, one may wonder if ® /K can also be generated by g
elements. Our next corollary gives some evidence that this latter question may have a
positive answer for all abelian varieties with potentially good ordinary reduction.

Let A/K be the Jacobian of a curve X/K with X (K) # 0. Let (, ) : ®4/x X Pajx —
Q/Z denote Grothendieck’s pairing. This pairing is non-degenerate ([3], 4.6). Denote by
(9% k)" the orthogonal of 9 ;- under Grothendieck’s pairing.

Corollary (see 6.12). Let A/K be the Jacobian of a curve X/K of genus g > 1
having potentially good ordinary reduction after a Galois extension L/K of degree p, as

above. Then ® 4k is a Z/pZ-vector space of dimension 2d — 2, and @%/K 1S a subspace

of dimension d — 1. Moreover, @%/K = ((I)%/K)l-

It is natural in view of Corollary 6.12 to wonder whether the same result holds for all
principally polarized abelian varieties A/K having potentially good ordinary reduction
after a Galois extension L/K of degree p. We may also wonder, for any principally
polarized abelian variety A/K with potentially good reduction, whether the order of
<I>?4/K N (<I>?4/K)L can be bounded by a constant depending only on the p-rank of A}. We
hope to return to these questions in the future.
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1.4 Our explicit computation of a regular model of a curve having potentially good or-
dinary reduction also has an application to quotient singularities. Our current under-
standing of wild Z/pZ-quotient singularities of surfaces is quite limited, and few explicit
examples are known (see, e.g., [2], [9], for p = 2, and [23] for p = 3). In contrast to
the case of a tame cyclic quotient singularity, where the number of possible resolution
graphs is finite once the order of the group is fixed, we show below that for any fixed
odd prime p, there are infinitely many graphs that can occur as the resolution graphs of a
wild Z/pZ-quotient singularity, in both mixed characteristic, and in the equicharacteristic
case. The analogous result when p = 2 is discussed in [19], 4.1.

Corollary 6.14. Fiz any odd prime p. For each integer m > 0, there exist a 2-
dimensional reqular local ring B of equicharacteristic p endowed with an action of H :=
Z/pZ, and a 2-dimensional reqular local ring B' of mized characteristic (0, p) endowed with
an action of Z/pZ, such that Spec B and Spec(B") are singular exactly at their closed
point, and the graphs associated with a minimal resolution of Spec B and Spec(B')%
have one node and more than m wvertices.

This article is organized as follows. The proof of Theorem 5.3, in section 5, is of a
global nature and includes in particular a study of the natural map ® 4/ — Aj/n(A).
The proof uses two auxiliary results of independent interest. The first result, Proposition
2.5, is discussed in section 2 and is a relation between torsion points in a quotient of two
Jacobians. This proposition is one place in our arguments where the tame and wild cases
can be seen to differ in an explicit way. The second result, Theorem 3.6, is the main result
of section 3, and is a general relation between elements in the component group ®,; of
an arithmetical tree.

Section 4 presents further results of a combinatorial nature on arithmetical trees which
are needed in the proof of Theorem 6.8. Section 6 contains the proof of Theorem 6.8
and of its applications. It is my pleasure to thank Qing Liu, Werner Liiktebohmert, and
Michel Raynaud, for helpful comments. I also thank the referee for a careful reading of
the article.

2. CYCLIC MORPHISMS AND TORSION

Let k be an algebraically closed field of characteristic p. Let f : D — C be a ramified
Galois morphism of smooth connected projective curves over k. Our main result in this
section is Proposition 2.5, which will be applied to the case of the quotient morphism
Vi — Yi/ (o) in the course of the proof of Theorem 5.3.

2.1 Assume that the Galois group H of f is cyclic of degree ¢°, with ¢ prime. Let
Py, ..., P;in D(k) be the ramification points. Assume that at each P;, the morphism is
totally ramified, and let Q; := f(F;), i = 1,...,d, be the branch points.

When ¢ # p, the Riemann-Hurwitz formula is

(2.1.1) 29(D) —2=¢°(29(C) —2)+d(¢° — 1).

Moreover, d > 2. When ¢(C') = 0, this follows immediately from the formula; the general
case requires a separate proof.

Assume now that ¢ = p. For P € D(k), let Hy(P) O H,(P) O ... denote the sequence
of higher ramification groups. If P is a ramification point, then |Hy(P)| = |Hi(P)| = p°.
Set

8(P) =) ([Hi(P)| - 1).

)
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Then the Riemann-Hurwitz formula is:

(2.1.2) 29(D) =2 =p"(29(C) =2) + > 4(P),

PeD(k)

and it may happen that d = 1.

2.2 Let v(D) denote the p-rank of D (i.e., the p-rank of Jac(D)). The Deuring-Shafarevich
formula relates the p-ranks of C' and D:

(2.2.1) 1D) = 1= p(4(C) — 1) + d(p" — 1).

The curve D is ordinary when (D) = g(D). When D is ordinary, we find, comparing
the formulas (2.1.2) and (2.2.1), that |Ho(P)| = 1 for all P, and that C' is also ordinary.
Moreover, when g(D) > 0, the equation (2.2.1) shows that p < g(D) + 1.

When a ramification point P of a Galois morphism f : D — C'is such that Hy(P) = (0),
we will say that the morphism is weakly ramified at P.

2.3 We record here the following well-known fact (see [8], p. 42, or [28], 1.3, when K =
k(x)). Let K be a field with char(K) = p. Let (A, M) be a discrete valuation ring with
field of fractions K, valuation vy, and uniformizer mx. Assume that the residue field k of
A is algebraically closed. Let L/K be a cyclic ramified Galois extension of degree p with
Galois group H. Let (B, N) denote the integral closure of Ain L. Let H = Hy D H; D ...
denote the sequence of ramification groups. Then > . (|H;| — 1) = (m + 1)(p — 1) for
some integer m prime to p.

2.4 Examples of curves with an automorphism of degree p in characteristic p can be given
in Artin-Schreier form. Consider the curve y? —y = [, (x — a;) ™™, where a4, ..., a, € k
are distinct, and the n; are positive integers coprime to p. The automorphism y — y + 1
has order p. The genus g of the smooth complete curve defined by the above equation is
given by the Riemann-Hurwitz formula 29 —2 = —2p + (p — 1)(2?21(71,- + 1)) (see [29],
page 8).

The following simple proposition exhibits a key difference between the tame and wild
cases.

Proposition 2.5. Let g be a prime. Let f : D — C be a ramified cyclic morphism
of degree q° between smooth connected projective curves over k. Let Py, ..., Py, d > 2,
denote the ramification points, assumed to be totally ramified. For i # j, the image w;;
of P — P; in Jac(D)/f*(Jac(C)) is of finite order ¢°. Let T denote the finite subgroup
Jac(D)/f*(Jac(C)) generated by {wiq, i =1,...,d —1}. Then

(a) If ¢ = p, then T is isomorphic to (Z/p*Z)*, and is generated by {wiq, i = 1,...,d —

1}.
(b) If g # p, then T is isomorphic to (Z/q°Z)4=2, and is generated by {w;q, i =1,...,d—

2}.

Proof. Let S denote the subgroup of Div’(D) with support on the set {P, ..., P;}. It is
clear that {P; — P;,i = 1,...,d — 1} is a Z-basis for S. Let S — T denote the natural
surjective map. This map factors through S/¢*S, since ¢*(>, b;P;) = f*(3_, b:Q;) with

Let o be a generator of Aut(D/C). Suppose that o(divp(g)) = divp(g) for some
g € k(D)*. Then g7 = cg for some ¢ € k*. Since ¢ has finite order ¢°, we find that
=1

Consider first the case where ¢ = p. Then ¢ = 1. Thus, ¢° = g and g € k(C)*.
Suppose that the divisor () _.b;P;) has trivial image in 7. Then it is possible to write
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(X2 biP) = f*(32; Ry) + divp(h), for some R; € C(k) and h € k(D)*. Then we have
o(divp(h)) = divp(h) and we conclude that h € k(C)*. Therefore, we have an equality of
divisors of the form (3°, b;P;) = f*(E) for some E € Div?(C). It follows that E = Y, ¢;Q;
for some ¢;. Hence, the map S/p*S — T is an isomorphism, proving Part (a).

Suppose now that ¢ # p. Fix a primitive ¢*-th root £ of 1. Then k(D)/k(C) is a
Kummer extension, generated by the root « of y?* —a € k(C)[y] such that a® = a. It is
easy to check that for each i =0,...,¢° — 1,

{Bek(D),p” =B} =k(C)a".

The equality a” = £« implies that divp(a) can be written as

Do ak)+ Y el o)

for some integers a; and some S; € D(k)\ {Py, ..., Py}. It follows that ¢* divides Y%, a;
since deg(divp(a)) = 0. It follows that the divisor ) _; (T o' (8))) 4+ (3, as) Py defines
an element in f*(Jac(C')). Hence, the image v of (3, a;P;) — (D>, a;)Py in T is trivial.
We thus have a map

s:9/<q°S,(>_aiP) = () _a)Py>—T.
Let us note that (>, a;P;) — (3, a;)Pa ¢ ¢°S because, otherwise, the morphism f given
by the Kummer equation y?° — a would not be totally ramified at P,,..., P,.

Suppose that the divisor (D, b;F;) has trivial image in 7. Then it is possible to write
(X2 biP) = f*(32; Rj) + divp(h), for some R; € C(k) and h € k(D)*. Then we have
o(divp(h)) = divp(h) and we conclude that h? = &h for some i € {0,...,¢° — 1}.
Therefore, there exists b € k(C)* such that h = ba’. Hence, we have an equality of
divisors of the form (37, b;P;) = f*(E) +i[(Y, aiPs) — (3, a;) Pa) for some E € Div®(C).
It follows that £ = ), ¢;Q; for some ¢;. Hence, the map s is an isomorphism, proving
Part (b). O

Corollary 2.6. Assume thatp # 2. Let D/k be a smooth projective connected hyperellip-
tic curve of genus g. Denote by T the hyperelliptic involution. Let o be an automorphism
of order p. Then either o has a single fized point, fixed by T, or it has exactly two fized
points, permuted by T.

Proof. The hyperelliptic involution commutes with o and, hence, it permutes the fixed
points { Py, ..., P;}. If d > 2 and two fixed points P; and P, of ¢ are fixed by 7, then the
divisor class P, — P, is fixed by 7. Proposition 2.5 shows that the class of P, — P, is not
trivial and, since p > 2, this divisor class is not equal to the class of —(P; — P,). This is
a contradiction since 7 acts as the [—1]-map on Jac(D). Thus, 7 fixes at most one point
P,

If d > 3, then we may assume that either 7(P;) = P, and Pj is fixed, or that 7(P;) = P»
and 7(Ps;) = P;. In the first case, we find that 7(P, — P;) = (P, — P3) = —(P1 — P3) +
(P, — P;). Using the fact that 7 acts as the [—1]-map on Jac(D), we find the relation
—(P—P3) = —(P,— Py)+ (P, — P3) in Jac(D). Looking at this relation in 7" contradicts
Proposition 2.5. The other case is similar and is left to the reader. O
Example 2.7 Assume that p # 2. Consider a smooth hyperelliptic curve C'/k given

by an affine equation y? = f(x), and let D be its Galois cover given by the equation
2P — z = . The automorphism o : D — D with o(z) = z + 1 has one fixed point P
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with 6(P) = 3(p — 1) when deg(f) is odd, and it has two fixed points P, and P, with
(P1) =6(P2) =2(p—1) when deg(f) is even.

3. ARITHMETICAL TREES

Our main result in this section is Proposition 3.6, which will be needed in the proof of
Theorem 5.3. This proposition pertains to arithmetical graphs, and we now recall how
one associates such an object to any regular model of a curve.

Let X/K be any smooth, proper, geometrically connected, curve of genus g. Let X' /O
be a regular model of X/K. Let X}, := Z?:l r;C; denote the special fiber of X', where C;
is an irreducible component and r; is its multiplicity. Let M := ((C; - C}))1<i j<o be the
associated intersection matriz. Denote by G the associated graph. Let ‘R := (rq,...,7,),
so that M R = 0. We call the triple (G, M, R) an arithmetical graph (in [13], the additional
condition that ged(r,...,7,) = 1 is assumed, and it is (G, —M, R) which is called an
arithmetical graph). For the purpose of simplifying the statements of some definitions,
we sometimes think of G' as a metric space with the natural topology where each edge of
G with its two endpoints is homeomorphic to the closed unit interval [0, 1].

Let (G, M, R) be any arithmetical graph on v vertices. Let M : Z" — Z° and 'R : ZV —
7 be the linear maps associated to the matrices M and R. The group of components of
(G, M, R) is defined as

) = Ker('R) /Tm(M) = (Z* /Tm(M) )tors-

Motivated by the case of degenerations of curves, we shall denote by (C,r(C)) a vertex
of G, where r(C) is the coefficient of R corresponding to C. The integer r(C), also
denoted simply by r, is called the multiplicity of C'. The matrix M is written as M :=
((Cz . Cj))lgi,jgvv and we write |Cz . Cz| = |(Cz . Cz)‘
3.1 Denote by (, ) : &y x @y — Q/Z the perfect pairing ( , ) attached in [3], 1.1,
to the symmetric matrix M. Explicit values of this pairing are computed as follows. Let
(C,r) and (C’,7") be two distinct vertices of G. Define
! ¢ 7’ —T v

E(C,C") = (0,...,0, LR gCd(?ﬂﬂn,),(),...,()) €z,
where the first non-zero coefficient of E(C,C") is in the column corresponding to the
vertex C' and, similarly, the second non-zero coefficient is in the column corresponding
to the vertex C’. We say that the pair (C,C") is uniquely connected if there exists a
path P in G between C' and C’ such that, for each edge e on P, the graph G \ {e} is
disconnected. Note that when a pair (C,C") is uniquely connected, then the path P is
the unique shortest path between C' and C’. A graph is a tree if and only if every pair of
vertices of GG is uniquely connected.

Let (C,r) and (C’,7") be a uniquely connected pair with associated path P. While
walking on P \ {C,C"} from C to C’, label each encountered vertex consecutively by
(C1,71), (Ca,12), ..., (Cn,ry). Let G; denote the connected component of C; in G\
{edges of P}. The graph G; is reduced to a single vertex if and only if C; is not a
node of G. For convenience, we write (C,r) = (Co, 1) and (C',7") = (Cpy1,Tny1) and
define Gy and G,y accordingly.

3.2 The following facts are proved in [3], 5.1. Let (G, M, R) be any arithmetical graph.
Let C' and C” be two vertices such that (C,C") is a uniquely connected pair of G. Let ~
denote the image of E(C,C") in ®y,. For (D,s) and (D', s") any two distinct vertices on
G, let ¢ denote the image of E(D,D’) in ®,,. Writing P for the oriented shortest path
from C to C" as above, let C,, denote the vertex of P closest to D in G, and let C'3 denote
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the vertex of P closest to D'. In other words, D € G, and D' € G. Assume that o < 3.
(Note that we may have o = 3, and we may have D = C, or D' = Cjp.) Then if o < £,

1 1
(3.2.1)  (v,6) = —lem(r,r")lem(s, s/)< + + o+ ) mod Z,
Tala+1 Ta+1Ta+2 Tg-1Tp3
and if C,, = Cj, then (v, d) = 0. Moreover,
1 1 1
(32.2) (o) = —lem(r ) (= + — 4+ —) mod Z.
rTry 172 ra,Tr

Note that the negative signs in the expressions (3.2.1) and (3.2.2) are missing in [3], 5.1.
Thus, all expressions for (7, §) computed in section 5 of [3] using 5.1 are correct only after
having been multiplied by —1. Similar sign mistakes occurred in [17]. The proof of [3],
5.1, is correct, except that its last line produces the opposite of the stated values for (v, )
since we assume o < [3.

3.3 Let (C,r) be a vertex of G of degree d > 2. Let (D;,7;), i = 1,...,d, denote the

neighbors of C, that is, the vertices of G linked to C'. Let 7; denote the image of E(D;, Dy)

in &), fori € {1,...,d—1}. We will use repeatedly the following expressions computed

using (3.2.1) and (3.2.2):

9 Ti + 74
rirqr

mod 7Z,

(131, 7;) = —lem(r;, rq)

and when ¢ # j,

(1;,75) = —lem(r;, 7q) lcm(rj,rd)rd% mod Z.
These formulas allow us to easily show that 7; may not always be trivial. For example,
let p be a prime dividing r. When p { r;rq4(r; + 74), we find that (7, ;) # 0 and, thus,
7; # 0. Similarly, when for three distinct indices 4, j, and d, we have p { r;r;ry, we find
that (7;, 7;) # 0, showing that both 7; and 7; are not trivial.

We claim that v kills 7;. Indeed, we find, using [17], 2.2, that the images in &), of
E(D;,C) and E(C, Dy) have order dividing ged(r;,r) and ged(r, r4), respectively. Con-
sider the following easy relation between vectors in Z" ([17], 3.5): Given any three vertices
(A,a), (B,b), and (C,¢),

(3.3.1) bE(A,C) = ged(a, b)E(A, B) + ged(b, ¢)E(B, C)

_ e
ged(a, ) ged(a, )

Using this relation, we find that r7; = 0.

Lemma 3.4. Let (G, M, R) be an arithmetical graph. Consider any two distinct vertices
(A,a) and (A',d’), and let aa o denote the image of E(A, A") in ®yr. Then the set
{aaa, A# A’} is a set of generators for ®yy.

Proof. Let us note first that the statement is proved for (G, M, R) as soon as it is proved for
(G, M, R/ged(ry,...,1,)). We will thus assume now that ged(ry,...,7,) = 1. Fix a vertex
A and consider the subgroup (®,;)4 of @), generated by {aaas, all A" # A}. We claim
that a®y; C (Ppr)a. Indeed, an element ¢ € @), is represented by the class of a vector
(fp, D € G) such that > fpr(D) = 0. It follows that ap = — > ged(a, r(D))fpaap.
Since ged(ry,...,7,) = 1, ¢ can be expressed in terms of elements of the form s, O

The following is a key relation between the 7;s.

Proposition 3.5. Let (G, M, R) be an arithmetical tree. Let (C,1) be a vertex of degree
d > 2. Keep the notation introduced in 3.4. Then Zf:_ll ged(ry, rq)m = 0.
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Proof. Consider any two distinct vertices (A, a) and (A’,a’), and let a denote the image
of E(A, A") in ®,;. The previous lemma shows that the group ®,, is generated by such
elements «.

Let 7 := Y% ged(r;, 74)7;. We claim that (7,a) = 0 for all such elements «. This
claim, proved below, implies immediately that 7 = 0. Indeed, recall that ( , ) being
perfect, the element 7 is trivial if and only if (7, @) = 0 for all ¢ € ®y.

Let us now prove our claim. Assume first that the path Q between A and A’ contains
the vertices D; and Dy with ¢ # d. We use (3.2.1) to compute modulo Z that

(1,a) = £lem(a, a’)

X (gcd(n, ) l(:r1r1(7’,~,7’d)(i + L) + Z ged(r;, rq) lem(r;, rd)(i)>,

rir rr rr
’ T jtid !

which simplifies to

d
1
(1,a) = +1cm(a, a’)(z; rj);.
]:
Since Z;l:l r; = |C - Clr, we find that (7,a) = 0. When Q contains D; and D; with
1,j # d and i # j, we find that modulo Z

(r,a) = =£lem(a,d’)(ged(rs, rq) lem(r;, rq) = — ged(r;, 74) lem(r;, rd)ﬁ>

7 J
= =+lem(a,d) (% — ) =0.

It is clear that if the path Q contains no vertices D;, or if it contains exactly one vertex D;

and does not contain the vertex C, then (7, ) = 0. It remains to consider the case where

the path Q contains exactly one vertex D; and the vertex C. Then C' is an endpoint of
Q and, thus, r divides lem(a, a’). When ¢ # d, we find that

(1,0) = +lem(a, ') lem(r;, rq) ged(r;, rq) —

r;r
is 0 modulo Z, and when ¢ = d, we find that
d—1 1
(1,a) = +1em(a,a’) (; lem(r, 74) ged(r, Td)TTT)
is also 0 modulo Z. O]

4. SOME COMBINATORICS

Let (G, M, R) be an arithmetical graph. We introduce below a measure ypgp of how

‘complicated’ certain subgraphs Gp of G are, and we describe Gp in Proposition 4.3
when ypgp is as small as possible. This result is needed in the proof of Theorem 6.8.
A geometric motivation for the introduction of the quantity vpgp is found in the genus
formula (6.1.1).
4.1 Let (G, M, R) be an arithmetical graph. Fix a vertex (Cy,7(Cp)) of G. Assume that
Cy is linked to a vertex (D, r(D)) by a single edge e, and that when the edge e is removed
from G, then D and Cj are not in the same connected component of the resulting graph.
Let Gp denote the connected component of G \ {e} that contains D. Consider the minor
Np of M corresponding to the vertices in Gp. Let

vp = ged(r(A), A vertex of Gp).
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Then vp divides r(Cy). Indeed, vp divides the multiplicity of D and of all vertices linked
to D, except possibly that of Cjy. But the relation M R = 0 implies then that vyp divides
the multiplicity of Cy. Let Rp denote the vector R restricted to the vertices of Gp. By
definition, we find that Rp/vp is an integer vector.

Let B(G) denote the first Betti number of the graph G. Letting dg(A) denote the
degree of a vertex A in the graph G, we have

28(G)—2=" Y (da(A)—2).
vertices A of G
Associated with any arithmetical graph (G, M, R) is the following integer invariant go(G) >
B(G) ([13], 4.10), defined by the formula

(4.1.1) 200(G) =28(G)+ D (r(4) = 1)(da(A) - 2).

vertices A of G
Let Cy and D be as above. We now associate to the pair (Np, Rp) an integer gp, defined
so that the formula below holds:

yogp =r(Co) +r(D)+ Y r(A)(day(A) - 2).

vertices A of Gp

Since vp divides r(Cy), the invariant gp is indeed an integer. We can rewrite this formula
as

(4.1.2) ypgp =
26(Gp) + (r(Co) = 1) + (r(D) = 1) + Y (r(4) = D(dg,(4) — 2).

vertices A of Gp

and we find that

(413) gp =

26(Go) + (" = 1y 4 (D)

T S A A T )

YD

vertices A of Gp

4.2 We will make use below of the following facts. Suppose that on G, the vertices Dy,
D+,..., D, are consecutive vertices on a terminal chain, and D,, is the terminal vertex
on this chain (in other words, D; is linked by one edge to D;,; for ¢ = 0,...,n — 1,
dg(D;) =2fori=1,...,n—1, and dg(D,,) = 1). Then ged(r(Dy),r(D1)) = r(D,), and
if |D;- Dyl > 1 foralli=1,...,n, then

r(Do) > r(D1) > -+ > r(D,).

Indeed, the equality |D,, - D,|r(D,) = r(D,—1) obtained from the relation MR = 0 shows
that r(D,,) divides r(D,_1), and r(D,) < r(D,—1) if |D,, - D,| > 1. Suppose that for
some ¢, we have r(D;) > r(D;41). Then it follows from |D; - D;|r(D;) = r(D;—1) +r(D;41)
and ‘Dz . Dz| > 2 that T(Di_l) > T’(DZ) The equality |D2 . DZ‘T(DZ) = T’(Di_l) + T’(DZ’+1)
implies that ged(r(D;—1),7(D;)) = ged(r(D;), 7(Djs1)-

Proposition 4.3. Let (G, M, R) be an arithmetical tree containing a vertex Cy of prime
multiplicity p. Assume that a vertex D linked to Cy by an edge e has multiplicity divisible
by p. Let Gp denote the connected component of G \ {e} that contains D. Assume in
addition that Gp does not contain any vertex A of degree 1 or 2 in G with |A - A| = 1.
Then

Ypgp > 2(p — 1).
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If ypgp = 2(p — 1), then yp = 1 and Gp is a graph of the shape depicted below,
containing one node C' of G only, of multiplicity p and degree 3 in GG. The two terminal
vertices of G that belong to Gp have multiplicity 1.

p—r(C) 1
----- *—o
p p p p p
o—e—0 -
Cy 2 -2 -2 -2 r(Ch) 1
C  De----: *~—eo
Cy

Let o denote the number of vertices of Gp on the chain linking Cy to the node C' of Gp
(including the node C'). Let Cy and C7 denote the vertices linked to C' on the two terminal
chains. Then 1 < r(Cy) < p, and the minor of M corresponding to the vertices of Gp is
completely determined by p, o, and r(Ch).

The proof of 4.3 is given in 4.6. We start with a preliminary lemma.

4.4 Let (G, M, R) be an arithmetical tree. For each node (C,r(C)) of degree d(C) > 3 in
G, we define an invariant p(C') as follows. Let p(C') denote the number of terminal chains
attached to C, and let D1(C),..., D,yc)(C) be the vertices of G linked to C' that belong
each to one terminal chain attached to C. Let 7;(C) denote the multiplicity of D;(C').
The multiplicity of the terminal vertex on the chain containing D;(C') is ged(r(C), r;(C)).
If no vertex A on the terminal chain has |A- A| = 1, then r;(C) < r(C) (see 4.2). When
a chain attached to C' is not terminal, we will call it a connecting chain. As in [13], 4.7,
we let, when p(C') > 0,

p(C)
p(C) = (d(C) = 2)(r(C) = 1) — Z(ged(T(C)w(C)) —1).
When p(C) = 0, we let u(C) := (d(C) —2)(r(C) —1). It is clear that if (C) = 1, then
w(C) = 0.

Lemma 4.5. Assume that the terminal chains attached to C do not contain a vertexr A
with |A- Al =1. Then u(C) >0, and u(C) =0 if and only if r(C) =1 and p(C) = 0.

Proof. 1t is clear that if a node C has p(C) = 0, then u(C) > 0, and p(C) = 0 only
when r(C) = 1. Assume now that p(C') > 0. Our hypothesis implies that r(C) >
ged(r(C),r;(C)) for each vertex D;(C), i =1,...,p(C). In particular, »(C) > 1, and we
need to prove that u(C) > 0. Let

s = ged(r(C),r(C),...,ra(C)).

Assume first that p(C) = d(C'), so that G has a single node. It is proven in [13], 4.1,
that if p(C) = d(C) and s = 1, then p(C) > 0. When s > 1, define

J=1

The integer ps(C') is nothing but the p-invariant of the node on the arithmetical graph
obtained from G by dividing all its multiplicities by s. Thus us(C) is even ([13], 3.6), and
ws(C) > 0. Since

p(C) = =2(s = 1) + sps(C),
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we find that u(C) > 0 if us(C) > 0. We claim that under our hypotheses, u(C) > 0
when s = 1. Indeed, our hypotheses implies that r(C) > ged(r(C), r;(C)) for each vertex
D;(C),i=1,...,p(C). Dropping the reference to C, we can write

1(C) (d—2)(r—1) = X5 (ged(r, ;) — 1)
(d—2)(r—1) —d(r/2—1)
(d—4)r/2 +2.

Thus p(C) > 0 if d > 4. Assume now that d = 3. Then ¢r = 1 + ry 4 r3 for some c.
Let h; = ged(r,r;), and assume that hy > hg > hs. Then (hy, ho, hs) = (r/2,7/2,r/2),
(r/2,r/2,r/3), (r/2,7/3,7/3), and (r/2,r/3,r/4) cannot occur because of the divisibil-
ity v | (r1 + ra 4+ 73). Since the cases (hy, he,hs) = (r/3,7/3,r/3), (r/2,r/4,7/4), and
(r/2,7/3,7/6) have u(C') > 0, we need only to consider (hq, he, hg) = (r/2,7/3,r/5). In
this case, 11 = r/2, ro = r/3 or 2r/3, and r3 = ar/5 with a = 1,...,4. The reader will
check that ¢r = r{ + ro + r3 is impossible to achieve with these values, and our claim is
proved.
Let us assume now that 0 < p(C) < d(C'). Then

1(C) (d—2)(r—1) =320 (ged(r,m) — 1)
(d=2)(r—=1)—=(d-1)(r/2-1)
(d—3)r/2+1>0.

[RAYARTI

v i

O

4.6 Proof of 4.3. We claim that G contains a node of G. (This node is also a node of G,
unless it is D itself and dg(D) = 3.) Indeed, the hypotheses that r(Cy) < (D) and |D -
D| > 1 implies that dg(D) > 1, because the relation M R = 0 provides otherwise for the
equality |D- D|r(D) = r(Cy), which is a contradiction. Suppose then that D is connected
in Gp to Dy. If dg(D) = 2, then we find from the relation |D - D|r(D) = r(Cy) + (D)
that r(D) < r(D;). Repeating this discussion with D and D; instead of Cy and D, we
find that the graph Gp has a chain of increasing multiplicities r(D) < r(D;) < ..., which
eventually leads to a node of Gp (and of G).

In G, Cy and D are adjacent vertices. Consider the connected component G of G\ {D}
that contains Cy. Two cases can occur: either (a) G contains a node of G, or (b) G does
not contain a node of G, in which case we will call G a terminal chain of GG. In the latter
case, the terminal vertex on this chain has multiplicity ged(r(Cp),r(D)) (see 4.2), which
equals 7(Cy) by hypothesis. The definition of ypgp in (4.1.2), along with the fact that we
assume that G is a tree, allow us to write:

Yogp = (r(Co) — 1) + Z (r(4) —1)(da(A) — 2).
vertices A of Gp

In case (a), Cp is not on a terminal chain of G, so that by definition of ;(C) in 4.4, we
can write:

(4.6.1) Ypgp = (r(Co) — 1) + Z 1(C)
nodes C of G in Gp

(where p(C') is computed viewing C' as a node of G, and not of Gp). In case (b) where
Cy is on a terminal chain of G whose terminal vertex has multiplicity 7(Cy), we have

Ypgp = 2(r(Co) — 1) + Z 1(C).
nodes C of G in Gp

We prove below case (a). The arguments to prove (b) are similar, and are left to the
reader. Case (b) will not be used in the remainder of this article.
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Assume that we are in case (a). We can apply 4.5 and we obtain that each term u(C)
in the above sum is non-negative. In view of (4.6.1), since r(Cy) = p by hypothesis, we
need to show that > .~ u(C) > p—1, and we need to describe the graphs for which
Znodos Clu(C) = <p - 1)

Denote by C' the node of G closest to Cy in Gp. (This node could be D.) The
multiplicity of C'is divisible by p since p divides the consecutive multiplicities r(Cy) and
r(D) (similar argument as in 4.2). Let np denote the multiplicity of C.

Suppose that C' (of degree d in G) has only one connecting chain. If n = 1, then all
terminal multiplicities at C' equal 1 and u(C') = (d — 2)(p — 1). The case d = 3 leads to
the case described in the statement of 4.3, with u(C) = (p — 1), ypgp = 2(p — 1), and
vp = 1. When d > 3, we have u(C) > p — 1, as desired.

When n > 1, the inequality

p(C) = (d=2)(np—1) = (d = 1)(np/2 = 1)
= (d—2)np/2 —np/2+ 1.

shows that we have u(C) > p — 1 unless d = 3. When n > 1 and d = 3, every vertex on
the chain linking C' to Cjy has multiplicity divisible by p. Thus, either (i) both terminal
multiplicities of C' are coprime to p (call them n; and ns), or (ii) both are divisible by p
(call them myp and mayp).

In case (i), p(C) = np —ny — ng + 1, with ny, ny dividing n. It follows that u(C) >
n(p—2)+ 1. Clearly, u(C) > p — 1 unless p = 2. Assume that p = 2. If (ny, na) # (n,n),
we find that u(C) =n(p—1)+1 > (p —1). The case (n1,n2) = (n,n) cannot happen
because in that case, n divides the multiplicity of all the components linked to C', which
implies then that n = 2. But a node of multiplicity 4 cannot have exactly three vertices
of multiplicity 2 attached to it.

In case (ii), u(C) = (n — my — mo)p + 1, with mq, ms dividing n. The equality (n —
my — msy) = 0 is not possible. Indeed, it is only possible if m; = my = n/2. But since
ged(my, my) = 1, this case can happen only if n = 2. But then |C - C| would equal 3/2,
a contradiction. It follows that u(C) = (n—m; —ma)p+1>p—1.

Suppose now that C, of multiplicity np, has at least two connecting chains. If n > 1,
then

w(C) = (d=2)(np—1) = (d=2)(np/2 = 1) = (d = 2)np/2 > p — 1,

as desired. If n =1, then pu(C) = (d — 2)(p — 1). Thus, u(C) > p —1if d > 3. Suppose
now that d = 3. Since Gp is a tree with a node C' of degree 3, Gp must have at least
three terminal vertices. Thus, there must exist at least one additional node C’ on the
graph Gp which has a terminal chain. It follows that u(C”) > 1 (4.5) and, therefore,
w(C) 4+ p(C") > p—1, as desired.

4.7 To conclude the proof of 4.3, we now specify the intersection matrix in the case where
vpgp = 2(p — 1). Let (G, M, R) be as in 4.3, and assume that the vertex D is such that
vpgp = 2(p — 1). Let Np denote the matrix M restricted to the vertices of Gp. Let
« denote the number of vertices of Gp on the chain linking Cj to the node C' of Gp
(including the node C'). Each of these vertices except C'is of degree 2. The multiplicity of
C'is p. Since we assume that no vertex of degree 2 has self-intersection —1, we find that
the multiplicity of each of these vertices must be p. It follows that each of these vertices
except possibly C' must have self-intersection —2.

Let Cy and C] denote the vertices linked to C' on the two terminal chains. Since they
have degree 1 or 2 and cannot have self-intersection —1, we find that 1 < r(C}) < r(C) =
p, and r(Cy) < r(C). Moreover, from MR = 0, we find that p+r(C}) +r(C1) = p|C - C|.
It follows that |C-C| = 2, and r(C]) = p—r(C1). We claim that N depends only on p, a,
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and r(C}) and we write it as Np = N(p, a,7(C1)). Indeed, the pair (p,r(C1)) completely
determines all multiplicities and all self-intersections on the terminal chain containing C:
use (r,s) = (p,r(C1)) in 4.8 below to determine the self-intersections and multiplicities of
the terminal chain. Similarly, the pair (p,r(C7)) completely determines all multiplicities
and all self-intersections on the terminal chain containing C7. This conclude the proof of
4.3. The matrix Np is an intersection matrix also introduced in [19], 3.18. O

4.8 Recall the following standard construction. Given an ordered pair of positive integers
r > s with ged(r, s) = 1, we construct an associated intersection matrix N = N(r, s) with
vector R = R(r,s) and NR = —re; as follows (where e; denote the first standard basis
vector of Z"). Using the division algorithm, we can find positive integers by, ..., b, and
S =8> 89 > -+ > 8, = 1 such that r = b;s — so, 51 = by — s3, and so on, until we get
Sm—1 = bpsm. These equations are best written in matrix form:

—bl 1 0 S1 —r
RPN | : :
0 ... 1 =b, Sm 0

We let N(r,s) denote the above square matrix, and R(r, s) be the column matrix on the
left of the ‘equal’ sign. It is well-known that det(N(r,s)) = £r (see [17], 2.6). We recall
also for use in 6.12 that

1 1 1
(4.8.1) ' :E7

rs SS9 Sm—1Sm T

where 0 < ¢ < r is such that r | ¢s — 1 (see [17], 2.8 and 2.6).

Remark 4.9 In Proposition 4.3, the hypothesis that ypgp = 2(p — 1) allowed us to
completely describe the graph Gp. For a fixed ypgp > 2(p — 1), the situation is much
more complicated and several possible types of graphs Gp may occur. It would follow
from our guess in 6.2 that for applications to models of curves, it suffices to classify the
cases where vpgp is a multiple of p — 1. We give below several possible types of graphs
Gp with ypgp = 3(p — 1) when p is odd.

(a) Gp is a graph with one node of GG only, of multiplicity p and degree 4 in G. The three
terminal vertices of G that belong to Gp have multiplicity 1.

To completely determine the intersection matrix Np and the vector Rp, one needs to
also provide the multiplicities 71, ro, and r3, of the first vertices on each of the three
terminal chains, with the conditions 1 < 7,7y, 73 < p and 11 + 19 + 73 divisible by p.
Such a data can only be provided when p is odd. The self-intersection of the node is
then —(p+7m +7r2+1r3)/p=—2or —3.

(b) Gp is a graph with one node of G only, of multiplicity 2p and degree 3 in G. The two
terminal vertices of G' that belong to G'p have multiplicity 1 and 2, respectively.
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----- *—eo2
p p p p 2p
O——@-----
c, -2 -2 -3

----- *—=o]

(¢) Gp is a graph with 2 nodes C' and C’ of G. Let C' be the node closest to Cp in Gp. It
has multiplicity p and degree 3 in GG, and it has a single terminal chain with terminal
multiplicity 1. The node C’ is connected to C' by a connecting chain that contains a
vertex of multiplicity coprime to p.

(1)

----- *—=o]
p p P P
oO—eo-----9o—e----
Co C’
_____ ol -----0—e1]
(ii)
----- *—e2
P p P 2p

We conclude this section with some general remarks concerning the invariant gp intro-
duced in (4.1.2).

Remark 4.10 Let (G, M, R) be an arithmetical graph. As at the beginning of this sec-
tion, fix a vertex (Cp,r(Cp)) of G. Assume that Cp is linked to a vertex (D,r(D)) by
a single edge e, and that when the edge e is removed from G, then D and Cj are not
in the same connected component of the resulting graph. Let Gp denote the connected
component of G'\ {e} that contains D. Consider the minor N = Np of M corresponding
to the vertices in Gp. Let n denote the number of vertices of Gp.

(a) The integer gp depends only on the matric Np and the vertexr D on the graph
Gp. To prove this statement, we show that the vector Rp/7vp is completely determined
by Np and the vertex D. Indeed, let us number the vertices of Gp such that D is
the first vertex numbered. Then Rp/vp is a vector with positive coefficients such that
Np(Rp/vp) = *(—=r(Cy)/vp,0,...,0) (where the superscript ¢ indicates the transpose
vector). The existence of such a relation insures that Np is negative-definite (see [19],
3.3), and the vector Rp/~vp is a rational multiple of the first column of the unique matrix
N* such that NN* = N*N = det(N)Id,, ([19], 3.4). The integer r(Cy)/vp is the order in
Z™/Im(N) of the class of the first basis vector e; ([19], 3.5).

(b) The integer gp is non-negative. More precisely:

)y 4 gea"P) TGy 55
YD YD YD

(4.10.1) gp — 26(Gp) > (

To prove the first inequality, complete the pair (N, Rp/vp) into an arithmetical graph
(G', M', R') by adding a chain attached to D, as in [19], 3.15. Clearly, 5(G’') = 5(Gp).
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The graphs G’ and Gp differ in only two vertices of degree not equal to 2: the terminal

vertex on the new terminal chain on G’ has terminal multiplicity gcd(%, T%‘))), and
de/(D) = dg, (D) + 1. Using (4.1.1) and (4.1.3), it is easy to show that
(4.10.2) 2go(G',M', R") — 28(G")
r(C r(D) r(C
= 90— 28(Gp) — (L 1) — (gea( L2 W)y,
YD YD YD

The integer go(G') — B(G’) is always non-negative ([13], 4.10), and the statement follows.

(c) In analogy with the arithmetic genus of curves on surfaces, we define, given Z € Z",
a (possibly negative) integer p,(Z) as follows. If Z = C; is a vertex of Gp, we let
pa(Z) = 0. We let p,(rC;) be defined by the formula 2p,(rC;) — 2 = r>C? + r(|C?| — 2)
(where we have abbreviated C; - C; by C?). Since r? — r is always even, p,(rC;) is an
integer. In general, when Z = > "  r;C;, we let

Z2 = Z ’f’i’f’j(Ci . Cj),
1<i,j<n
and set .
2a(2) —2:= 2"+ ni(|C| - 2).
i=1
We leave it to the reader to check that
(D)

C
05 = 2pa( B jp) — 2 + ") ((C)
YD YD

+1).

(d) The integer gp is even when either r(Cy) is odd, or r(D) is even. This can be seen
from the formula for gp in (c), or from (4.10.2).

(e) Assume that Gp is a tree. Then the order |det(NV)| of the group ®y := Z"/N(Z")
can be computed completely in terms of the vector Rp/vp and of the graph Gp (see [19],
3.14), and we find that

r r(C, r da, (A)—2

YD VD YD

vertices A of Gp

where dg,,(A) is the degree of the vertex A in the graph Gp. Recall now the formula
(4.1.3):

r(D) )+ <7‘(C’0)
YD D

gp = (

R SN SR )

vertices A of Gp

This last expression is surprisingly similar to the expression for |det(/V)|. This motivates
the following result. Let x > 0 be any integer, and define the function:

l(x) = Z ordy(x)(q —1).

q prime

Then
(4.10.3) ((|det(N)]) < gp.
This result is not used in the remainder of this paper, and we will provide here only a

sketch of proof.

Sketch of proof. We complete the pair (N, Rp/vp) into an arithmetical graph (G', M’, R')
by adding a chain attached to D, as in [19], 3.15. The order of the component group
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®(M') is given in [13], 2.5, and the relation between det(N) and |®(M’)| is discussed in
the proof of 3.14 in [19]. We can then bound |®(M’)| in terms of go(G’, M’, R") using [13],
4.8, which states that ((|®(M')|) < 2go(G', M', R"). The inequality ¢(|det(N)|) < gp
follows then from (4.10.2).

5. THE QUOTIENT CONSTRUCTION

Let K be a complete discrete valuation field with valuation v, ring of integers Oy,
uniformizer 7w, and residue field & of characteristic p > 0, assumed to be algebraically
closed. Let X/K be a smooth proper geometrically connected curve of genus g > 0. When
g = 1, assume in addition that X (K) # (). Assume that X/K does not have semi-stable
reduction over O, and that it achieves good reduction after a cyclic extension L/K of
prime degree q.

Let H denote the Galois group of L/K. Let /Oy be the smooth model of X /L. Let
o denote a generator of H. By minimality of the model ), ¢ defines an automorphism
of Y also denoted by o (but note that o : ) — ) is not morphism of Op-schemes). We
also denote by o the automorphism of ) induced by the action of o on Y. Let Z/Ok
denote the quotient Y/ H, and let o : ) — Z denote the quotient map. The scheme Z is
normal. The map « induces a natural map Y, — Z7° which factors as follows:

Vo —2— Vi) (o) —— Zped

5.1 We claim that the first map is Galois of order |H|, and that the second map is the
normalization map of Z/°. Indeed, let Spec(B) denote a dense open set of ) invariant
under the action of H. Then Spec(B*) is a dense open set of Z. Let A := BY. Let
P = (71) denote the prime ideal of B corresponding to Y, and let Py := Pg N A. We
have the natural maps
B? /P, — (B/Pg)" — B/Pg.

The extension of discrete valuation rings (B)p, — Bp, induces an extension of residue
fields (B¥)p,/Pa(B")p, — Bp,/PpBp,. We claim that this extension has degree |H]|.
Indeed, our assumption is that the curve X/K does not have good reduction over Ok.
If the residue extension is trivial, the normalization of the curve Z/°? is isomorphic to
Yy and, thus, is of genus g. In addition we find that PyBp, = (PBBPB)|H‘, so that
mkAp, = (PaAp,). The special fiber of Z is then reduced, and the curve X/K has
good reduction over O, a contradiction. It follows then that P4Bpg = PgBppg, so that
mAp, = (P4Ap,)lHl. Hence, the multiplicity in Z of the irreducible component ZJ°?
equals |H|.

It is easy to check that for any z € (B/Pg)H, |H|z and z/#! belong to A/P4. Thus,
when |H| # p, A/P4 and (B/Pg)" have the same fields of fractions. When |H| = p,
it could happen that A/P4 and (B/Pg)" do not have the same fields of fractions, in
which case the extension of fields of fractions is purely inseparable of degree p, with
(B/Pg)" = B/Pg. Tt follows that the special fiber of Z also has genus g. When g > 1,
this is not possible since the multiplicity of Z; is p. When g = 1, it could happen that
Z is the minimal model of X/K, with a multiple special fiber. This case cannot happen
in our situation because of our assumption that X (K) # (): A K-rational point always
reduces to a smooth point in the special fiber. Thus, the automorphism o : YV, — Y is
not trivial. We find that A/P, and (B/Pg)¥ have the same fields of fractions, so that
the Dedekind domain (B/Pg)H is the integral closure of A/P,.

5.2 Let Py, ..., P;, be the ramification points of the map Yy — Vi/ (o). Let @1, ...,Qq
be their images in Z. The normal scheme Z is singular exactly at @)1, ..., Q4. Indeed,
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the morphism Y — Z is unramified outside these points. If the point (); were regular,
the morphism would be flat above @; ([1], V, 3.6), and the branch locus would then be
pure of codimension 1 ([1], VI, 6.8), a contradiction.

Consider the regular model X — Z obtained from Z by a minimal desingularization.
After finitely many blow-ups X’ — X, we can assume that the model A" is such that X
has smooth components and normal crossings, and is minimal with this property. Let
f denote the composition X' — Z. Let Cy/k denote the strict transform in X" of the
irreducible closed subscheme Z°® of Z. The curve Cy has multiplicity |H| in X’. Let
Dy, ..., Dy denote the irreducible components of &} that meet Cy. Let r; denote the
multiplicity of D;, t =1,...,d. We assume d > 1. Our main theorem in this section is:

Theorem 5.3. Let X/K be a smooth proper geometrically connected curve of genus g > 0,
with X (K) # 0 if g = 1. Assume that X/K does not have semi-stable reduction over Ok,
and that it achieves good reduction after a cyclic extension L/K with Galois group H of
prime degree p. Keep the above notation, and let QQ; be a singular point of the quotient
Z :=Y/H. Let Gg, denote the graph associated with the curve f~*(Q;). Let G denote
the graph associated with the special fiber X;. Then, for all i =1,...,d, the graph Gy,
contains a node of G and p divides r;.

Proof. When d = 1, the theorem is immediate: the component Cj of multiplicity p is
a terminal vertex of the graph of A”, and thus p|Cy - Cy| = 1. Assume that G, does
not contain a node of G. Then since d = 1, G does not contain a node. Since the
resolution is minimal with normal crossings, none of the components of X} can have self-
intersection (—1) except possibly for Cy. It is clear that the graph G is not reduced to
a single vertex since the model Z is singular. Thus the graph G has a second terminal
vertex C” in addition to Cy. But then, walking on G from C’ towards Cy, we find that the
multiplicities can only be strictly increasing. This is a contradiction since all multiplicities
on G are divisible by p (because two consecutive ones are), and G must contain a node.
We assume from now on that d > 1.

Let A := Jac(X/K). Let Ax /O denote the Néron model of A/K. Let A; /Oy denote
the Néron model of Ay, /L, and denote by 1 : Ax X0, O — Ar the canonical map induced
by the functoriality property of Néron models. The special fiber (Ag)y is an extension
of a finite group ®4/k, called the group of components, by the connected component of

zero (Ag )Y of (Ag)i:
0— (.AK)g E— (.AK)k — (I)A/K — 0.

Assume by contradiction that p is coprime to one of the r;s. Without loss of generality,
we may assume that p { rq. For each ¢ = 1,...,d, choose a point z; € D; such that x; is
a regular point of (X})"?. Since K is complete, we can find a closed point R; of X, of
degree r; over K, and such that the closure of R; in X’ meets the special fiber X}, exactly
in x; (see, e.g., [6], 8.4(3)). For each i =1,...,d — 1, consider the following divisor of
degree 0 on X:
Tq T
5= gcd(ri,rd)Rz ged(r4,7q)

We also denote by S; its image in Jac(X)/K. We recall below Raynaud’s description of
the Néron model of a Jacobian in order to be able to describe explicitly the image of .S;
under both the reduction map Jac(X)(K) — ®4/x and the reduction map Jac(X)(L) —
(AL)k(k). We will be able to contradict the hypothesis that p { r4 by considering the

reductions of Z?:_ll ged(ri, rq)S;.

Ry.
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Raynaud exhibited in [24] an explicit separated quotient @k /O of the open subfunctor
of Picyr0, consisting of line bundles of total degree 0, and he showed that when the
residue field k is algebraically closed, Q /O is isomorphic to the Néron model of A/K
([4], 9.5/4 (a)). The canonical map Qx(K) — Pg, is described as follows ([4], 9.5/9
and 9.6/1). Represent an element of Qx(K) by a line bundle £ on X of degree 0.
Let £ denote an extension of £ to X’. Number the irreducible components of &} as
C4,...,C,. Consider the map &,ZC; — Hom (,ZC;,Z) which sends C; to the map d¢;,
with d¢,(C;) := (C; - C;). The group @, is isomorphic to the torsion subgroup of the
cokernel of this map. The group of components @, is isomorphic to ®,,, and under this
isomorphism, the image of £ under Qx (K) — ®¢,. is the map o, with d.(C;) := (C;- L).
It follows immediately from these facts that the image in ®¢, of S; € Jac(X)(K) can be
identified with the image 7; of the vector E(D;, Dy) in @), (notation as in 3.1 and 3.4).

Consider now the reduction map Qr(L) — (Qr)x(k). The closure of any point in the
preimage under X; — X of the closed point R; meets the special fiber of the smooth
model ) of X only at the point P;. The line bundle £ corresponding to the divisor 5;
pulls back to a line bundle £, on Xy. We find that the reduction of £, € Jac(X)(L) is
the point of Jac(Yg)(k) corresponding to the divisor lem(r;, rq)(P; — Py).

We may now find a contradiction to the assertion that p t rq when the quotient of Yy
by the action of H has genus zero. As we indicated above, the element Zf:_ll ged(ri, rq)S;
in Jac(X)(K) reduces to the element S 7' gcd(r;, 74)7 in ®);. Proposition 3.6 shows
that the latter element is zero in ®,,;. Thus, Zf:_ll ged(ri, r4)S; reduces in the connected
component (Qx)%. Our additional hypothesis implies that this connected component is
unipotent. This follows from [4], 9.5/4 if the greatest common divisor of the multiplicities
of the components of &} is 1, and from [12], 7.1, in general. It follows that the image of
(Qx)Y under the canonical map 1 : Ax X, O — Ay is trivial.

Consider now the element 3! ged(ry, 1) S; in Jac(X,)(L). Our discussion above
shows that it reduces to the element 74(3>0) (P, — Py)) in Jac(Y;)(k). We have thus
proved that rd(Zf:_ll ri(P; — Py)) = 0 in Jac()y)(k). Our hypothesis on the quotient of
Vi by H implies that each P, — P; has order p (2.5). Since rd(zgtll ri(P; — Py)) = 0 and
we assume that p { r4, we can conclude that S>%'7;(P, — P;) = 0. Then Proposition 2.5
implies that p divides r; for alli = 1,...,d — 1. Since |Cy- Cylp = r1 + - - - + g, it follows
that p divides r4, which contradicts our assumption.

When the quotient of ), by the action of H has positive genus, the image of (Qx)?
under the canonical map 7 : Ax X, O — Ay is not trivial, and the following additional
considerations must be discussed. Let Norm (X’) denote the normalization of X’ in the
field of fractions of ). Since ) is integral over Z, we have a natural map Norm (X’) — ).
All components of X’ are rational, except possibly the component Cj ([19], 2.10).

By construction, we have a natural map Norm (X’) — X’ X, Op. Let N'— Norm (X”)
denote a resolution of the singularities of Norm (X”). Consider the commutative diagram
of Op-morphisms:

N —— Norm(&Xx') —— NY%

| l

X’ X0k OL — Z XOk OL

The maps N' — Norm (X’) — X’ X, Oy, induce maps of the associated Picard functors

Picarjo, Xo, O = Picxrx, 0,0, — Picnom /0, — Pleyjo,,
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whose composition induces the canonical map of Néron models
n:Qkx xo, O — Q1.
Considering the special fibers over k, we obtain a commutative diagram:

Picjo\/k/k — (Qr)}

T T

Pic?v];/k — (Qx)}

Since we do not have additional information on the special fiber X}, we cannot conclude
that the bottom horizontal map is an isomorphism. It is however faithfully flat ([24],
4.1.2). Since the special fiber of ) is reduced, we find that the top horizontal map is an
isomorphism ([4], 9.5/4).

Let D denote the irreducible component of N, lying above ). The composition D —
Ni — Y is an isomorphism. The image of D in (X’);* is the curve Cp, and we will
identify the map D — Cj with the quotient map p : Vi — Yi/ (o). Consider the
following diagram whose top right horizontal morphism is an isomorphism:

Pich (k) «—— Picl, (k) —— (Qr)R(k)

| | T

PiC%O(k) — PiCOXé(k) _ (QK)%(]{?)

We may now conclude the proof of Theorem 5.3 using the same method as in the case
where the reduction of Jac(X)/K is purely unipotent. Consider again the element
S ged(ri, 74)S; in Jac(X)(K), which reduces to the element S>% ! ged(ry, rq)7; in @
Proposition 3.6 shows that the latter element is zero in ®;;. Thus, Zf:_ll ged(ri, rq)S;
reduces in the connected component (Qx)?. Consider now the element SX% ged(r;, 74)S;
in Jac(X1)(L). Our discussion above shows that it reduces to the element r4(3 %~ r;(P;—

Py)) in Jac(Yy) (k).

Since the morphism PicOXé e (Qk)? is faithfully flat and since each of the above

squares commutes, we find that the element Zf:_ll ged(ry, 74)S;, which reduces to rd(zd_ll ri(P—

Py)) in Picg,k/k(k;), in fact reduces to an element in p*(Jac(Yx/ (0))). Thus, the image
of rd(zgl:_ll ri(P; — Py)) in Jac(Yx)/p*(Jac(Yx/ (o)) is trivial. Each P, — P; defines an
element of order p in Jac(Yx)/p*(Jac(Y/ (o)) (2.5). Since rd(Zf:_ll ri(P;— Py)) =0, we
conclude that Zf:_ll ri(P; — P;) = 0. Then Proposition 2.5 implies that p divides r; for
all i =1,...,d—1, and since |Cy - Cy|p = r1 + - - - + 14, we find that p divides rq, which
contradicts our assumption.

Now that we know that p divides r;, we see that the multiplicities on the chain of G
that leaves C starting with D; can only be increasing or constant, because this chain of
vertices of degree 2 contains no vertex of self-intersection —1. If D; is not a node of G,
we continue along this chain and find either a terminal vertex, or a node of G. We cannot
find a terminal vertex because the multiplicity of a terminal vertex can only be at most
the multiplicity of its unique neighbor, with equality only if the self-intersection of the
terminal vertex is —1. Thus, G, contains a node of G. O]

Remark 5.4 Let N; denote the intersection matrix of the exceptional divisor, with
smooth components and normal crossings, of a resolution of the Z/pZ-quotient singu-
larity ;. We recall here some properties of N;:
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a) It is negative definite (a lemma attributed to Du Val in [10], 14.1).

b) The graph G(N;) associated with [V; is a tree, and all components of the exceptional
divisor are rational ([19], 2.8).

¢) Let n; denote the number of irreducible components in the exceptional divisor. The
Smith group @y, := Z™ /Im(N;) is killed by p ([19], 2.6).

d) The fundamental cycle Z of N; is such that |Z2| < p ([19], 2.3, 2.4).

6. THE WEAKLY RAMIFIED CASE

We present in this section some applications of Theorem 5.3. Let us recall our nota-
tion. Let K be a complete discrete valuation field with valuation v, ring of integers O,
uniformizer 7w, and residue field k of characteristic p > 0, assumed to be algebraically
closed. Let X/K be a smooth proper geometrically connected curve of genus g > 0. When
g = 1, we assume in addition that X (K) # (.

Assume that X/K does not have semi-stable reduction over O, and that it achieves
good reduction after a cyclic extension L/K of prime degree p. Let H = (o) denote the
Galois group of L/K. Let Y /Oy be the smooth model of X, /L. Let Z/Ok denote the
quotient Y /H, with singular points Qi,...,Q4, and d > 1. Recall the regular model
f: X' — Z introduced in 5.2.

6.1 The resolution of a singularity @) of Z is a local process, and depends only on the local
ring Oz g. It seems therefore natural to try to relate the ‘complexity’ of the resolution
graph to some local invariants of Oz . In this respect, we propose the following.

Consider the Galois morphism p : YV, — YVi/ (o). Associated with any point Q € Y/ (o)
is the following measure of the ramification of p over Q:

v(Q) => (|H;(P)| - 1),

j=0

where P is the preimage of () in )}, and H;(P) denotes the j-th higher ramification group
at P. (For more general morphisms, we would define v(Q) := > pc,-1(g)6(F).) Recall
from 2.2 that the morphism is weakly ramified at P if 6(P) = 2(p — 1). Our guess is that
v(Q) should also be an important measure of how complicated the exceptional divisor of
the resolution of @) is. To formulate this guess more precisely, we compare the expressions
of the genus ¢ in the Riemann-Hurwitz formula and in the adjunction formula. The
Riemann-Hurwitz formula for the morphism p can be rephrased as

d

29 = 29(V) = 2[H|g(Co) — 2(|H| = 1) + Y v(Qy).

i=1

Consider now the model X’. By hypothesis, it is minimal with the property that the
special fiber has smooth components and normal crossings. Thus, none of the vertices A
in the graph G := G(X’) with degree 1 or 2 can have self-intersection —1 (we use here
also the fact that only the curve Cj can have positive genus ([19], 2.10)). Moreover, since
the curve X /K has potentially good reduction, the graph G(X’) is a tree ([19], 2.10). The
adjunction formula

29— 2 =X, X+ X]-Q,
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with € a relative canonical divisor of X’/Ok, can be rewritten as

29 =2|H|g(Co) + Y (r(A) = 1)(da(4) - 2)

vertex A of G

= 2[H|g(Co) — 2(|H] - 1)

d
(6.1.1) +Z<|H|—1+ S (r(A)—l)(dG(A)—Q))

vertex A of G,

d
= 2[H|g(Co) — 2(|H[ - 1) + ZWDZQD“
i=1
where Dy, ..., D, are the vertices attached to Cy in the tree G(&X”), and the integers 7p,
and gp, are defined as in 4.1 and (4.1.2). Since the graph Gp, is nothing but the graph
G, of the desingularization of ();, we define our measure of the desingularization of @);
to be 70,90, := Yp,gp, for each i = 1,...,d. The integer g, := gp, depends only on the
intersection matrix of the desingularization and the marked vertex D, on its graph. Since
r(Cy) = p and is divisible by ~g,, we find that vg, =1 or p.

6.2 Our guess regarding the resolution X’ — Z of the singularities of Z is that
v0:90, = V(Q;) holds for alli =1,...,d.

This equality would have interesting implications. For instance, since H = Z/pZ, we
always have v((Q)) divisible by p — 1, so that p — 1 divides 7g,9¢, when vg,90, = v(Q:).
Since v, = 1 or p, we find that

p — 1 divides gg, when vg,90, = V(Q;).

Examples where go, = 2(p — 1) and 3(p — 1) are given in 4.7 and 4.9. It immediately
follows from the Riemann-Hurwitz formula and the adjunction formula that:

Lemma 6.3. With the above notation and hypotheses,

d

(6.3.1) > Qi) = _ragar

We now prove the equality 7g,90, = ¥(Q;) = 2(p—1) for all i = 1,...,d in the weakly
ramified case, using Theorem 5.3.

Theorem 6.4. Let X/K be a curve with potentially good reduction after a ramified ez-
tension L/ K of prime degree p. Keep the above notation. Then for alli=1,...,d,

(a) We have 7,00, > 2(p — 1) and v(Qs) > 2(p — 1).
(b) If the ramification points of Vi, — Vi/ (o) are all weakly ramified (in particular, if Yy
is ordinary), then vg,90, = V(Q;) = 2(p — 1).

Proof. (a) The fact that v(Q;) > 2(p — 1) follows immediately from the properties of a
wildly ramified extension: the higher ramification groups Hy and H; must be non-trivial.
To prove that v9,9¢, > 2(p — 1), we note first that Theorem 5.3 shows that p | ;. The
inequality follows then from Proposition 4.3.

(b) When the ramification points of V, — i/ (o) are all weakly ramified, we have
v(Q;) =2(p—1) (2.2). It follows from (6.3.1) and from the fact that vo,90, > 2(p — 1)
proven in (a) that vg,90, = 2(p — 1). O
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Remark 6.5 Without the use of Theorem 5.3, we could only argue that vg,99, > p — 1.
Indeed, if 7(Cy) does not divide r(D;), then vp, = 1. Then we can use the fact that
9o, > 1(Cp) — 1 established in 4.10.

Using the notation 7, introduced in this section, we may now state a corollary to
Theorem 5.3.

Corollary 6.6. Let X/K be a curve with potentially good reduction after a wildly ram-
ified Galois extension L/K of degree p, as in 5.3. Let N; denote the intersection matriz
associated with the resolution of Q;. Assume that o, = 1. Then p* divides det(N;).

Proof. The graph associated with the matrix N; is G,, with a marked vertex D; on it.
Let Rp, denote the vector of multiplicities of the components of the resolution of @);.
Then the determinant of /V; can be computed in terms of the coefﬁcients of Rp,/vp, (see

[19], Theorem 3.14). In particular, it is known that =% gcd(ngo : T,Y )y divides det(N;).

Under our hypotheses, r(Cy) = p, p divides r(D;) (5. ) and vp, = 1. O.
Remark 6.7 Let X/K be a curve with potentially good reduction after a wildly ramified
extension L/K of degree p, as in 5.3. Let N; denote the intersection matrix associated
with the resolution of @);. Then p kills the Smith group @y, ([19], 2.6) and, thus, | det(;)|
is a power of p. It follows from (4.10.3) that ord,(|det(N;)|)(p — 1) < gp,-

In the examples of graphs and matrices N; given in 4.9 with gp, = 3(p — 1), we find
that both | det(V;)| = p* and | det(N;)| = p?® can occur (in (b) and (c)(ii), respectively, in

(a) and (c)(i)).

Theorem 6.8. Let X/K be a curve with potentially good reduction after a wildly ramified
Galois extension L/K of degree p. Assume that all ramification points of Yy — Wi/ (o)
are weakly ramified (this is the case if Yy is ordinary). Keep the above notation. Then,
foralli=1,....d, we have r; = p, and Gg, is a graph' with a single node C;, of degree
3:

p—ri(7) 1
----- *—o
p p p p
O——©O-----
Co 2 2 2 2XUn() .
D, C;  e----- *—eo

The intersection matriz N(p, c;,r1(2)) of the resolution of Q; is uniquely determined as
in 4.7 by the two integers o, and ri(i), with 1 < ry(i) < p. The integer «; is the number
of vertices of self-intersection —2 (including the node C;) on the chain in Gg, connecting
the node Cy to the single node C; of Gg,, and this integer o; is divisible by p.

Proof. Theorem 6.4 (b) shows that 79,90, = 2(p — 1) for all i = 1,...,d. Proposition 4.3
classifies the graphs with v¢,90, = 2(p — 1), and the statement on the Shape of the graph
follows.

The Smith group of the intersection matrix N(p, oy, r1(7)) is computed in [19], 3.19 and
3.21, and is found to be of order p?, and killed by p if and only if p divides a;. Theorem
2.6(c) of [19] shows that this Smith group must be killed by p. The divisibility p | «;
follows. OJ

TA bullet o represents an irreducible component of the desingularization of @;. A positive number
next to a vertex is the multiplicity of the corresponding component, while a negative number next to a
vertex is the self-intersection of the component.
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Remark 6.9 It is natural to wonder whether the statements of Theorem 6.4 (b) and 6.8
hold for the resolution of (); when P; is a weakly ramified ramification point of )} —
Vi (o), without also assuming as we do in 6.4 (b) and 6.8 that all ramification points are
weakly ramified.

Corollary 6.10. Let X/K be a curve with potentially good reduction after a wildly ram-
ified Galois extension L/K of degree p, as in 6.8. Suppose that g > 1, and that all
ramification points of Vi — Vi/ (o) are weakly ramified. Then
(a) X(K) # 0.
(b) Let A/K denote the Jacobian of X/K. Let A/Ok be its Néron model. Then the
unipotent part U/k of the connected component of the identity in Ay/k is a product
of additive groups Gg .
(c) The group of components ® 4 i of the Néron model is isomorphic to (Z/pZ)*~2.
Proof. Part (a) is immediate since it follows from 6.8 that a regular model of X/K contains
a component of multiplicity 1. It follows from [22], 2.4, that p kills U, since the maximal
multiplicity in the regular model X’/Of is equal to p. That U is now split follows from
[27], Ch. VII, no 11, Proposition 11. This proves (b).
The order of ®4  can be computed using the intersection matrix of the regular model
X'. Since the associated graph is a tree, we find using [13], 2.5, that |® 4 | = p?¢~2. Part
(c) follows since ®4 j is killed by [L : K] because A/K has potentially good reduction

([5)- B

Note that in general the special fiber Ax/k need not be killed by p, even when its
subgroup U and quotient ®4 ; are both killed by p (see [11] for a general discussion of
such phenomena).

6.11 Let A/K be the Jacobian of a smooth proper and geometrically connected curve
X/K having a K-rational point. For use in our next corollary, we recall below the main
result of [3], Theorem 4.6. Identify A/K with its dual A’/K via the map —ypjg;: A — A’
as in [3], just before 4.6. Let X' /Ok denote a regular model of X/K. Let M be the
intersection matrix of Aj. Identify, as recalled in [3], 2.3, the component group ® 4,k with
the group of components ®,; of M (P, is the torsion subgroup of Z/Im(M)). Then
Grothendieck’s pairing
(, )x: Payr X Payx — Q/Z

coincides with the pairing (, )ar: ®a/x X Pa/x — Q/Z considered in 3.1. In particular,
this pairing is non-degenerate. Recall also the definition of the functorial subgroup @9 K

of ‘<I>'A/K in 1.3. We denote by (@9 )" the orthogonal of @), under Grothendieck’s
pairing.

Corollary 6.12. Let A/K be the Jacobian of a curve X/K of genus g > 1 having po-
tentially good reduction after a Galois extension L/K of degree p, as in 6.8. Assume
that all ramification points of Vi, — Vi/ (o) are weakly ramified. Then ® 4k is a Z/pZ-
vector space of dimension 2d — 2, and <I>?4/K is a subspace of dimension d — 1. Moreover,

(I)?4/K = (‘I),Oq/K)L-

Proof. Tt follows from 6.10 that X (K) # (. We can thus use the results of [3] recalled
above. We produce below explicit generators for the groups ®,,x and <I>?4 K For each
singular point @); on the model Z/Ok, denote by A; and B; the terminal components of
multiplicity 1 in the exceptional divisor of the resolution of @Q); in X’. Let a; denote the
image in ® 4,k of the vector E(A;, B;),i=1,...,d—1 (notation as in 3.1). Let B; denote
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the image in ® 4,k of the vector E(A;, Aq), i = 1,...,d — 1. We have seen in 6.10 that
4/ is a Z/pZ-vector space of dimension 2(d — 1).

We claim that {a, ..., 041,81, ..,Ba-1} is a basis for Pa/k, and that {0y, ... ,aq_1}
is a basis for (ID%/K. To prove our claim, consider the matrix V' := ({(a,8;))1<ij<d—1
with coefficients in Q/Z. We can use the computation (4.8.1) to show that V is the
diagonal matrix diag(c;/p (mod Z),...,cq—1/p (mod Z)), where foreachi =1,...,d—1,
0 < ¢; < p and p divides ¢;r1(¢7) — 1. In particular, ¢;/p # 0 in Q/Z. It follows that the set
{og,...,aq_1,B1,...,B4-1} is linearly independent in (Z/pZ)*~2. Hence, it is a basis.

It follows from the explicit computations in [17], 3.7 (a), that (o, ;) = 0 for all 1 <
i,j < d— 1. Since the pairing ( , ) is perfect on (Z/pZ)*~2, we find that {a1,...,aq 1}
generates a maximal isotropic subspace.

It remains to show that aq,...,as 1 belong to <I>?4/K, and that neither 84, ...,84_1, nor
any non-trivial linear combination of B, ..., 841, belong to @Y K For this, since K is
complete, we can pick K-rational points a; and b; of X (i =1,...,d—1) whose closure in

X’ intersect X} in a smooth point of A; and B, respectively (see, e.g., [4] 9.1/9). Then
a; — b; and a; — ag are divisors of degree 0 on X, which we identify with K-rational points
in the Jacobian A/K of X/K. These rational points reduce in the component group ® 4,
of the Néron model of A/K to the points a; and f;, respectively. Since A(K) C A(L),
we can reduce a; — b; in the special fiber of the Néron model A’/Oy. This special fiber is
isomorphic to the Jacobian of the special fiber )} of the smooth model /Oy, of X /L.
It is clear that by construction, the reduction of a; — b; is trivial, so that a; € <I>E)4 K for
1=1,...,d—1. On the other hand, the reduction of a; — a, is the divisor P; — P;, which
is a non-trivial p-torsion point when viewed in the quotient A} /n(Ax). This shows that
B ¢ <I>E)4 K fori=1,...,d—1. Moreover, any non-trivial linear combination of the images

of the divisors P; — P, is not zero in Aj /n(Ax) (2.5), so no non-trivial linear combination
of B1,...,B4_1 belongs to @%/K. O

Example 6.13 Examples of curves having good reduction after an extension of degree
p can be obtained as twists as follows. Choose a smooth proper curve C'/k having an
automorphism o, of order p. Over an appropriate ring Ok with residue field k, there
exists a smooth scheme Y°/Oy with an Og-automorphism o such that C' is k-isomorphic
to VP, and o restricted to )P induces the given automorphism . It is shown in [25],
section IV, Thm. 2.2, that one can take Ok to be the Witt ring W (k)((,), with ¢, a
primitive p-th root of unity. If one wants a lift in equicharacteristic p, one can trivially
take Ok = k[[t]].

Choose any cyclic (ramified) extension L/K of degree p. The twist of Y% /K by L/K
and o is a curve X/K which achieves good reduction over L. Starting with an ordinary
curve C'/k produces a curve X/K having potentially good ordinary reduction over L.

Corollary 6.14. Fix any odd prime p. For each integer m > 0, there exist a reqular local
ring B of equicharacteristic p endowed with an action of H := Z/pZ, and a regular local
ring B’ of mized characteristic (0,p) endowed with an action of Z/pZ, such that Spec B
and Spec(B") are singular exactly at their closed point, and the graphs associated with a
minimal resolution of Spec B and Spec(B')? have one node and more than m vertices.

Proof. As we noted in 6.13, there exist a field K of either mixed characteristic (0, p) or
of equicharacteristic p and a curve X/K without good reduction over K, and with good
ordinary reduction over a Galois extension L/K of degree p. Let H := Gal(L/K). Let

Y /O denote the smooth model of X, /L. Let Z/Ok denote the quotient Y/H. Let P
denote a ramification point of the morphism Y, — Vi/H, and let B := Oy p. Theorem
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6.8 shows that the resolution of singularity of Spec B¥ has an intersection matrix of type
N(p,a,ry) for some a > 1 and 0 < 7y < p.

Immediately after the statement of Theorem 6.8 given in the introduction, we briefly
alluded to the fact that the integer « is likely to be related to the valuation of the different
of L/K. Thus, in principle, by choosing K and L/K appropriately, the above method
will produce examples with « as large as desired. Since at this time we do not know how
to prove in general that « is related to the valuation of the different of L/K (except when
p=2,and g = 1, see [19], 4.1), we proceed below with a different argument to prove the
existence of resolutions with « as large as desired.

Consider a quadratic extension K’/K. Since p is odd by hypothesis, the extension
K'/K is tame, and one knows how to compute a regular model of Xg//K’ from the model
X /Ok of X/K obtained in Theorem 6.8: Simply normalize the base change X X, Ok
and resolve its singularities. A singularity on the normalization can only be the preimage
of a closed point of X} that belongs to two irreducible components of X, and such that
both components have odd multiplicity. This singular point is resolved by a single smooth
rational curve.

Let L' := LK', with [’ : K'] = p. The curve Xg/ /K" achieves good ordinary reduction
over L. The model V'/Or := Y X, O is smooth, and we let P’ denote the preimage of
P under the natural map )’ — Y. Let B’ := Oy pr. We leave it to the reader to check,
using [7], 4.3, and the desingularization of the normalization of X X, Ok, that the
resolution of the singularity of Spec(B’)# has an intersection matrix of type N(p, 2a, 1),
where 7} :=r1/2 if r is even, and r] := (r1 + p)/2 if r1 is odd.

Since we can make an infinite chain of quadratic extensions K ¢ K' ¢ K" C ...,
and since the graph associated with N(p, 3,71) has at least [ irreducible components, the
corollary is proved. 0J

Remark 6.15 Consider an intersection matrix N, and assume that for some prime p,
it satisfies all the conditions listed in 5.4, conditions which would have to be satisfied
if this intersection matrix was associated with the resolution of a Z/pZ-singularity: its
graph G(N) is a tree, |det(N)| is a power of p, the Smith group ®y is killed by p,
and the fundamental cycle Z has |Z?| < p. If det(N) = 1 and G(N) is a tree, then
the above conditions are satisfied for every prime at least equal to |Z2|. In particular,
when det(N) = 1, the matrix N could potentially be associated with the resolution of a
Z/pZ-singularity for infinitely many primes p.

An interesting consequence of our guess in 6.2 that vg,99, = v(Q;) holds for all i =
1,...,d, is that a matrix N as above can be associated with the resolution of a (Z/pZ)-
quotient singularity X’ — Z occurring in models of curves as at the beginning of this
section only for finitely many primes p. Indeed, the choice of a vertex D on N lets us
define the integer gp associated with N and D. If N is the intersection matrix of the
resolution of a singularity @); of Z with the marked vertex D linked to Cj, we noted in
6.2 that p — 1 must then divide gp when the equality vg,9¢0, = v(Q;) holds. Since there
are only finitely many vertices D, the set of integers gp is finite and, hence, any prime p
larger than the maximum of the integers gp cannot have the property that p — 1 divides
some gp.

Remark 6.16 Let X/K be a curve with potentially good reduction over an extension
L/K of degree p, as at the beginning of this section. Let (); be a singular point of the
quotient Z, and consider the graph G, associated with the resolution of @); in X' — Z.
One may wonder whether a node of G in G, could have its multiplicity in A} divisible
by p?. Similar considerations are found in [18], Question 1.4.
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