WILD QUOTIENT SINGULARITIES OF SURFACES
DINO LORENZINI

ABSTRACT. Let (B, Mpg) be a noetherian regular local ring of dimension 2 with residue
field B/ Mp of characteristic p > 0. Assume that B is endowed with an action of a finite
cyclic group H whose order is divisible by p. Associated with a resolution of singularities
of Spec BY is a resolution graph G and an intersection matrix V.

We prove in this article three structural properties of wild quotient singularities, which
suggest that in general, one should expect when H = Z/pZ that the graph G is a tree,
that the Smith group Z™/Im(N) is killed by p, and that the fundamental cycle Z has
self-intersection |Z2| < p. We undertake a combinatorial study of intersection matrices
N with a view towards the explicit determination of the invariants Z" /Im(N) and Z. We
also exhibit explicitly the resolution graphs of an infinite set of wild Z/2Z-singularities,
using some results on elliptic curves with potentially good ordinary reduction which
could be of independent interest.
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1. INTRODUCTION

Let B denote a regular local ring of dimension 2 with maximal ideal Mpg. Let H be a
finite cyclic group acting on B, and let Z := Spec(Bf). Assume that the action of H on
Spec(B) is free off the closed point, and that M is the only singular point of Z. When
the order of H is not divisible by the residue characteristic p of B/Mpg, M is called a
tame cyclic quotient singularity. Otherwise, M% is a wild cyclic quotient singularity.

Let f: X — Z be a resolution of the singularity, minimal with the property that the
irreducible components of f~1(M&) are smooth with normal crossings. Such a resolution
exists when B is excellent ([1], [4], [15], [19]). Attached to this resolution are two natural
objects that we now describe, the intersection matriz N, and the resolution graph G.
The exceptional divisor f~1(MH%) consists in n irreducible components C;, i = 1,...,n.
Denote by N := ((C; - C;)x) the associated symmetric matrix. The matrix NNV is negative
definite and, in particular, det(N) # 0. Let G denote the graph whose vertices are the
n irreducible components of f~*(MZ%), and where two vertices C' and D are linked by
(C - D)y edges. For future reference, recall that the degree of a vertex C in a graph G is
the number of edges connected to C, and a vertex of degree at least 3 on a graph is called
a node.

Much is known about tame cyclic quotient singularities. Most importantly, their res-
olution graphs, called Hirzebruch-Jung strings, are the simplest possible graphs: trees
without nodes. Moreover, for a given H, the set of such strings is finite and explicitly
describable!. The key property of tame cyclic actions that allows for a description of their
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case, see [13], and also [35], 6.4 and 6.8, and [11], section 2.
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resolution graphs is that such actions can be given in simple normal forms, producing
explicit equations for the ring B¥. In contrast, wild cyclic actions are much more difficult
to classify. Even in the simplest case of Z/pZ acting on k[[z,y]], explicit equations for
k[[x,y]] have only been obtained in a few cases, such as in equicharacteristic 2 in [2],
and in some cases where p = 3 in [30], 5.15.

Our goal in this article is to provide information on the graphs which can arise as
the resolution graph of a wild cyclic quotient singularity. To illustrate the difficulty in
completely classifying such graphs for a given p, we will show when p = 2 that the set of
non-singular matrices arising (up to permutation) as intersection matrices of the resolution
of Z/27Z-quotient singularities is infinite (4.1; see also [2], p. 64, in the equicharacteristic
case).

We discuss in section 2 three general structural properties of wild cyclic quotient singu-
larities. Rather than completely stating below all the hypotheses of the three theorems, let
us say that in rather general situations, we can show that a wild cyclic quotient singularity
satisfies the following:

e the irreducible components of the resolution of a Z/pZ-quotient singularity are
rational, and the graph of the resolution is a tree (Theorem 2.8).

o The multiplicity of the local ring B is at most |H| (Theorem 2.3). This latter
result imposes additional restrictions on the possible resolution graphs since the
fundamental cycle Z of a singularity depends only on the intersection matrix, and
its self-intersection |Z?| is bounded by the multiplicity of B¥ ([36], 2.7).

o The order |H| kills the finite Smith group ®y := Z"/N(Z") (Theorem 2.6). In
particular, | det(N)| is a power of p when H = Z/pZ.

In section 3, we undertake a completely combinatorial study of intersection matrices IV,
with a view towards an explicit determination of the invariants occurring in our theorems
on quotient singularities, namely the Smith group ®, and the fundamental cycle Z. We
obtain in particular a general explicit formula for the order of ®y when the graph G(N)
is a tree (3.14).

It is clear that one of the main question in the classification of wild Z/pZ-quotient sin-
gularities is the determination of the types of intersection matrices which can occur in the
resolution of the singularity. We do not know if such intersection matrices always satisfy
further combinatorial restrictions in addition to the three addressed in this paper: the
associated graph G(IV) is a tree, the Smith group ®y is killed by p, and the fundamental
cycle Z has |Z% < p.

We end section 3 with a detailed study, for each prime p, of a family of star-shaped
intersection matrices N satisfying the above combinatorial restrictions (3.17). We show
in section 4 that some of these matrices do appear as intersection matrices associated
with Z/27Z-quotient singularities (4.1). This result uses some facts about elliptic curves
with potentially good ordinary reduction which could be of independent interest. Further
work on these matrices in the context of model of curves can be found in [26].

I thank Michel Raynaud for his generous contributions to this article. Several of the
arguments in section 2 are due to him. I also thank Qing Liu and Werner Liiktebohmert
for helpful discussions, and the referee for a careful reading of the article.

2. GENERAL PROPERTIES OF QUOTIENT SINGULARITIES

We prove in this section several general properties of quotient singularities of surfaces
and of their associated intersection matrices. Let B be a normal noetherian local domain
endowed with an action of a finite group H. Let A := B¥. Let B denote the completion
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of the local ring B with respect to its maximal ideal Mpg. Similarly, let A denote the
completion of A with respect to its maximal ideal M 4. The action of H on B extends to
an action on B , and the ring (E)H is a normal complete domain. Consider the canonical
injection A — (LA?)H
Lemma 2.1. Let B be a normal noetherian local domain endowed with an action of a
finite group H. If x € (B)H, then Im(A) contains |H|z and 27!, In particular, (B) is
integral over Tm(A).

If |H| is coprime to char(A/My), then the map A — (B is an isomorphism. If
char (B) = 0, then A and (B)H have same fields of fractions and, if in addition A is

normal, then the map A — (B)# is an isomorphism.

Proof. Let x = {b,} be an element of the projective limit B := lim B/ My, fixed by H.

Since His finite, |H|z = {3, 0(by)} and 2! = {T]__,; o(b,)} belong to the projective
limit A. Thus z is a root of the monic polynomial X! —z!Hl with coefficients in A. When
|H| € A is invertible in A, |H|z € A implies z € A, so A = BH.

Assume that |H| # 0in A. Let y = {ent € BH. Then z/y = |H|z/|Hly, and A and
(B)H have same fields of fractions. If A is mtegrally closed, then the map A— (B)H is

an isomorphism because (B)¥ is integral over Im(A), with same field of fractions as A.
0J

The map A— (LA?)H is clearly not surjective if Ais not normal, and the completion of
a normal noetherian local domain A need not be normal in general, unless, for instance, A
is excellent ([28] (33.1)). In this section, we consider the following two types of rings. Let
(B, Mp) be a regular noetherian local domain of dimension 2, endowed with an action of
a finite group H. We will say that B is if type I or type II when it satisfies the following
additional conditions:

Type I: Assume that B contains a complete regular noetherian local domain R of
dimension 1, such that for all o € H, o(R) C R. Assume in addition that there exist
an R-algebra of finite type By endowed with an action of H, and a prime ideal B of
By with o() = P for all 0 € H, such that the local ring B with its action of H is
isomorphic to the localization of By at 8. Assume also that there exists z € B such that
Mp = (Mg, x) and such that the natural R-map R[X|, x) — B, sending X to z,
extends to an R-isomorphism R[[X]] — B.

Type II: Let k be a field. Suppose that B contains k, and that for all ¢ € H and
all ¢ € k, o(c) = c. Assume that there exist a k-algebra of finite type B, endowed with
an action of H, and a prime ideal B of By with o() = B for all 0 € H, such that the
local ring B with its action of H is isomorphic to the localization of By at . Assume
also that there exist elements u,v € Mp with Mp = (u,v) and such that the natural
k-homomorphism k[U, V|w,vy — B, sending U to u and V' to v, induces an isomorphism

k[[U,V]] — B.

Lemma 2.2. Let B be a reqular noetherian local domain of type I or II. Then the ring
A = B s excellent and, hence, A is normal and excellent too.

Proof. Indeed, in case I, the domain R is a complete domain. Since the field of fractions
of R is a finite extension of the field of fractions of R¥, and since R is integral over R,
we find, using [29], 32.1, page 112, that R is a finitely generated R-module. Then a
theorem of Eakin ([28], page 263) shows that R being noetherian implies that R is also
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noetherian. It follows that the ring R is excellent ([28], (34.B)). Since the domain By is
a finitely generated RY-algebra, the domain B! is also a finitely generated RY-algebra
([8], Theorem 2 in V.1.9, page 323). Hence, BE is excellent since R is (28] (34.A)).
Then B¥ is also excellent since it is isomorphic to (BE Jpnpz ([8], Prop. 23 in V.1.9).
For B in case II, it is clear that B! is a finitely generated k-algebra and, again, B is
excellent. 0

Let us recall now the notion of multiplicity of a local ring ([5], 11.4). Let A be a
noetherian local ring of dimension d, with maximal ideal M 4. Denote by length(A/ M)
the length of the A-module A/ M. Then there exists a polynomial g4(z) € Q[z], called
the Hilbert-Samuel polynomial of M 4, such that for all sufficiently large n,

ga(n) = length(A/M).

The polynomial g4(z) has degree d and, writing g4(z) = aqgz® + - - - + ag, the multiplicity
mult(A) of A is defined to be dla; € N.

Theorem 2.3. Let H be a finite cyclic group acting on a reqular noetherian local domain
B of dimension 2 of type I or II. In case of type II, assume that k contains the |H|-roots
of unity. Let A := BT. Then mult(A) < |H|.

-~ -~

Proof. Since mult(A) = mult(A), it suffices to bound mult(A). Consider first the case
where B is of type I, with Mp = (Mg, z). Consider the element ¢ := ], ., o(z). Clearly,

te A Write o(x) =co+crz+--- € LA?, with ¢; € R. Since o preserves the maximal ideal
of B, we find that ¢ € Mpg. A straightforward calculation using the fact that o is an
automorphism shows that ¢; ¢ Mpg. Thus, the power series ¢ has reduced order |H| (that
is, modulo Mg, t is exactly divisible by z!/f!). Tt follows from [8], VIL.3, no 8, corollary of
proposition 5, that the morphism R[[T]] — R|[[z]], sending T to t, is injective, and R[[z]]
is a free R[[T]]-module with basis 1, x, ..., z/HI=1.

Consider now the inclusions

R™[[#)] € R[] € B = R[[«]].

It is clear that R[[t]] is free of rank dividing |H| over RH[[t]]. It follows that B is free of
rank dividing |H|? over RT[[t]]. Consider now the inclusions

RM[[#)) € (B)" € B.

Since RA[[t]] is regular and (B)# is normal of dimension 2 (and, hence, has depth 2),
(B)" must be a free R¥[[t]]-module ([28], 18.H). Its rank is the degree of the associated
extension of fields of fractions, which divides |H]|, since the degree of the field of fractions

of B over the field of fractions of (B)¥ is exactly |H]|.
Since (B)* is a free R¥[[t]]-module of rank at most |H|, we obtain from the surjection
(B)" /(Mg (B))" — (B)H/(M(E)H)" that for all sufficiently large n,

9y (n) < |H| - gy (n).

Dividing both sides by n? and taking the limit as n — oo, it follows immediately from
the definition of multiplicity that

mult((B)") < [H| - mult(R7[[t]]) = |H]|.

Since RH[[t]] C A C (B)" and A is also normal (2.2), the same argument shows that

-~

mult(A) < |H].
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Assume now that B is of type II, and let p := char(k) > 0. Consider the induced
action of H on the k-vector space Mp/M?%. After making a linear change of variables
if necessary, we may assume that the action of a generator of the cyclic group H on the
classes of v and v is in Jordan canonical form

(5 o) (6 5)

The eigenvalues o and 3 are |H|-th roots of unity, and the case of a single Jordan block
can only occur when p > 0, and which case p divides |H|.

Let © := [[,cyo(u), and y := [], .y 0(v). An easy computation shows that modulo
the ideal (u,v)*1, 2 = ulfl and y = v/l if the action is diagonalizable. When the
action consists of a single Jordan block, we find that

y = v(u+av)2au+ o) ... ((|H| — 1)alf 172y 4 oH1=1y)
= s ((aw)? — avuP=1)HI/P,
One verifies that  and y form a system of parameters of k[[u,v]]. Hence, the map
k[[X,Y]] — E[[u,v]], which sends X to z and Y to y, is injective with image k[[z,y]],
and k[[u,v]] is a finitely generated module over k[[z,y]] ([37], Corollary 2 on page 293,
Remark on page 293, and Corollary 2 on page 300). One verifies then that k[[u,v]] is a
free k[[z, y]]-module of rank \H|2 with basis {u'v?,0 < i,7 < |H|— 1}. It follows as in
the case of Type I that A and (B)H are free of rank dividing |H| over k[[z,y]], and that

both mult(A) and mult((B)¥) are bounded by |H]|. O

Remark 2.4 We review the definition of the fundamental cycle Z associated with an
intersection matrix N in 3.4. Let us note here that the above theorem imposes a non-
trivial condition on the fundamental cycle of the resolution of a quotient singularity, since
it is known that its self-intersection |Z?| is bounded by the multiplicity of B# ([36], 2.7).

2.5 Let A be a normal local ring of dimension 2 with maximal ideal M. Let Z :=
Spec(A), and U := Z \ {M}. Assume that a desingularization f : X — Z exists. This
is the case for instance if A is noetherian and excellent (see, e.g., [4], 1.1). In particular,
X is regular, f is proper, and the restriction of f to X'\ f~!(M ) — U is an isomorphism.

Denote by Ei,..., E, the irreducible components of f~1(My,). Let (C,D)x denote
the intersection number of two divisors C' and D on the regular scheme X. The in-
tersection matrix associated with the exceptional divisor f~'(M,) is the matrix N :=
((Ei, Ej)x)1<ij<n- The Smith group ®y of the matrix N is defined to be the quotient
Z™/Im(N) (3.2). Our next theorem describes some properties of the group ®y in several
important instances.

We review first some facts proved, for instance, in section 14 of [17]. Let E denote
the free Z-module with basis the irreducible components Fi, ..., E, of f~1(M,). By
construction, the restricted morphism f : X \ f~'(My,) — U is an isomorphism. Using
its inverse followed by the open immersion X \ f~!(M,) — X, we obtain a morphism
U — X, and an associated ‘restriction” map

p : Pic(X) — Pic(U).
The group homomorphism p is surjective, with kernel E. Define
0 : Pic(X) — E* := Hom (E, Z)

by the rule (A )( E;) = (A, E;)x, where for any divisor class A represented by a divisor
D, we set (A, Ey)x := (D, E;)x. Let Pic?(X) := Ker(6). Then we have the following
exact sequence ([17], 14.2):
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(2.5.1) 0 — p(Pic’(X)) — Pic(U) — &5 — Coker (f) — 0.

The group Coker (6) is trivial when A is Henselian ([17], 14.3 and 14.4). The group Pic(U)
is isomorphic to the divisor class group CI(A).

Consider now a local domain B endowed with an action of a finite group H, such that
Bf = A. There are natural group homomorphisms Cl(A) — CI(B) and Cl(B) — Cl(A)
(the norm homomorphism), whose composition is the multiplication by |H| on CI(A) ([8],
535-536). When B is a unique factorization domain, such as when B is regular, then

Cl(B) = (0), and it follows that |H| kills CI(A) (which is isomorphic to Pic(U)).

Theorem 2.6. Let A be a normal local ring of dimension 2 such that Z := Spec A admits
a desingularization f : X — Z. Keep the notation introduced in 2.5.

(a) Assume that there exists a complete reqular local ring B endowed with an action of a
finite group H and such that B = A. Then |H| kills ®y.

(b) Assume that there exists a reqular local ring B of type I or II endowed with an action
of a finite group H such that B = A. Assume also that either |H| is coprime to
char (A/ M), or that char(A) = 0. Then |H| kills ®y.

(c¢) Let Ok be a Henselian discrete valuation ring, with algebraically closed residue field k
and field of fractions K. Let V/K be a smooth proper geometrically connected curve.
Let L/ K denote the Galois extension minimal with the property that Vi, /L has semi-
stable reduction. Let Y /O denote the minimal reqular semi-stable model of Vi /L.
Let H := Gal(L/K) and let Z := Y/H. Assume that H is generated by an element
o, and call oy the morphism induced by o on V. Let P be a ramification point of the
map Vi — Vi/ (ok) and assume that o(Oy p) C Oy p. Let Q be the image of P in Z.
Let A:= Oz . Then |H]| kills the group @y associated with a resolution of Spec A.

Proof. (a) It suffices to note that A = B is also complete, and, hence, Henselian, so that
Coker (6) is trivial. Since |H| kills Pic(U), it also kills ®x in this case.
(b) Let B denote the completion of the local ring B with respect to its maximal ideal

M. Consider the canonical injection A— (E ). Under our hypotheses, it follows from
2.1 and 2.2 that A is excellent, and that this map is an isomorphism. Since a resolution

~

of Spec(A) gives by base change a resolution of Spec(A) ([4], 1.7), we may apply part (a)
to Spec((B)™) to conclude that |H| kills .

(c) Let X — Z denote a desingularization of Z := Y/H. Let Z := Spec(A), and
let X .= X Xz Z — Z be a desingularization of Z. Let N be the intersection matrix
associated with X. By hypothesis, the regular domain Oy p is endowed with an action of
H, and its ring of invariants O3 p is nothing but Oz = A. Thus, the discussion in 2.5
can be applied to A, and we find using the sequence (2.5.1) that ®y is killed by |H| if
Coker (f) = (0). Let us now show that Coker (#) = (0). By hypothesis, Ok is Henselian.
Given any irreducible component C' of multiplicity r in the special fiber X}, there exists
a field M/K of degree r and a M-rational point P on V/K whose closure {P} in X
intersects A}, exactly in one smooth point of C, with ({P},C)x =1 = ({P}, X"*)x (use
for instance [12], 8.4). For each irreducible component E; in the desingularization of @
in X, we can restrict to X the corresponding divisor {P;} on X. This shows that the
map 6 : Pic(X) — E* is surjective, since E* is generated by the images of the classes

{P},....{P.}. O
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Example 2.7 Theorem 2.6, when applicable, shows in particular that the absolute value
| det (V)| of the determinant of the intersection matrix N of a resolution of a Z/pZ-quotient
singularity is a power of p.

In [31], Example 10, a (Z/27Z)-quotient singularity has resolution graph Eg, thus pro-
ducing an example with det(N) = 1. It would be interesting to determine whether an
intersection matrix N with det(N) = 1 can possibly appear as the intersection matrix of
a Z/pZ-quotient singularity for infinitely many p.

In [31], Example 7, a (Z/3Z)-quotient singularity B? has resolution graph Eg, which
has determinant p = 3. This singularity is rational, with fundamental cycle Z having
7% = —2. Since the singularity is rational, it follows that the multiplicity of B¥ is equal
to | Z?] ([3], Corollary 6), and we note that in this example, |Z?| < p.

In both examples from [31] quoted above, the ring of invariant B¥ is explicitly described,
but the details of the resolutions of the singularities are omitted. This author has not
independently verified the omitted computations.

Theorem 2.8. Let B be a complete reqular noetherian local ring of dimension 2, endowed
with an action of a finite group H. Assume that the residue field k of B is algebraically
closed of characteristic p > 0. Let A := BY. Assume that there exists a desingularization
f: X — Spec(A). Assume also that the components of f~1(My) are smooth and that
the divisor f~1(Ma) has normal crossings. Then the graph associated with f~'(My) is
a tree, and each irreducible component of f~'(Ma) is a rational curve.

Proof. As we explained just before 2.6, our hypotheses imply that the group Pic(U) =
C1(A) is killed by |H|. Therefore, since the kernel E of the natural map Pic(X) — Pic(U)
is free, we find that the torsion subgroup of Pic(X) is killed by |H|.

The ring A is normal and excellent, so that a desingularization f : X — Spec(A)
exists, and any such proper birational morphism f can be obtained as the blow-up of
an ideal I of A whose radical is M4 ([19], C. on page 155). As in section IV.6 of [10],
we let ny denote an integer such that HY(X,I"Ox) = 0 for all n > ng and ¢ > 0. Let
X, denote the base change of X — Spec(A) with Spec(A/I"*!) — Spec(A). Then [10],
IV.6.1, shows that the canonical homomorphism Pic(X,,;;) — Pic(X,,) is bijective for all
n > ng. As in the proof of [10], IV.6.2, Grothendieck’s Existence Theorem shows that
Pic(X) = @Pic (Xn), so that Pic(X) = Pic(X,,) if n > ny.

Let X}, denote the fiber of f above the closed point of Spec(A). The natural composition
Xred — X — X, is then defined by a nilpotent ideal J. We claim that the natural map
Pic(X,) — Pic(X}°) is surjective with kernel a torsion group killed by a power of p.
Indeed, let N denote the nilradical of the structure sheaf of X,,. Then there exists a
filtration of the form (0) = N*J C N*'J C --- C NJ C J. Each of these ideals defines
a closed subscheme of X,,, with natural morphisms

Xl =XO — xMW XD X6 = x

n-

Recall now Proposition 4.1 in [8]: Let R be a local noetherian ring, and let Y — Spec(R)
be a proper morphism. Let N be the nilradical of Oy, and let J be an ideal of Oy

such that N'J = (0). Let Y’ denote the closed subscheme of Y defined by 7. Then the
sequence of canonical homomorphisms

HY(Y,J) — Pic(Y) — Pic(Y') — H*(Y,J)

is exact. We can use this proposition for each morphism X =1 — X®_ Since the schemes
X @ have dimension 1, the sheaf cohomology groups H? must all vanish. Since p € My,
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we find that the group H' occurring in each exact sequence is killed by a power of p, and
the claim follows.
Let C;, i =1,...,n, denote the irreducible components of X;. The smooth commutative

group scheme Picg(ged Ik is an extension of the abelian variety []}_, Picoci Ik by a torus of

dimension equal to the first Betti number of the graph associated with Xj (][9], 9.2/8).

To prove our theorem, it suffices to show that Picg(f.ed Ik is trivial. Suppose that it is not
k
0

trivial. Then there exists a nontrivial torsion point L in Pic’,. Ih
k

to p|H|. Since Pic(X,) — Pic(X[) is surjective and its kernel is a torsion group, L lifts

to a torsion point of order divisible by ¢ in Pic (X,,) = Pic(X), contradicting the fact that

|H| kills the torsion subgroup of Pic(X). O

(k) of order ¢ coprime

Remark 2.9 It is asserted in the Math Review of [2] (MR0374136) that the exceptional
configuration of the resolution of a certain Z/2Z-singularity forms a cycle of rational
curves. Theorem 2.8 contradicts this assertion.

A variation on Theorem 2.8 is as follows.

Lemma 2.10. Let Ok be a complete discrete valuation domain with algebraically closed
residue field k and field of fractions K. Let Xx/K be a smooth proper geometrically
connected curve. Let L/K denote the Galois extension minimal with the property that
X1/L has semi-stable reduction. Let H := Gal(L/K). Let Y/Op denote the minimal
reqular semi-stable model of Xy /L. Let Z := )Y /H.

(1) Let Norm(Z)/Or denote the normalization of Z X o, O in the function field L(Xy).
Then the natural morphism ¢ : Y — Norm(Z)/Oy, is an isomorphism.

(2) Let f : X — Z denote a desingularization of Z. Then any exceptional curve of f is
rational.

(3) Assume that Jac(XL) has good reduction over Op. Assume also that f is minimal
with the property that every irreducible component of Xy, is smooth and X}, is a divisor
with normal crossings. Then the graph associated with the preimage in X of a singular
point of Z is a tree.

Proof. (1) The natural morphism ¢ : Y — Norm(Z)/Oy, is clearly an isomorphism on the
generic fibers. The normalization map Norm(Z) — Z X, Oy, is finite. This follows from
the fact that since Ok is a complete discrete valuation domain, then Z is an excellent
scheme. It also follows from the fact that L/K is separable. We thus conclude that the
model Norm(Z)/Qp is proper. The morphism ¢ is quasi-finite, since the quotient map
Y — Z is finite. We may therefore apply Zariski’s Main Theorem to obtain that ¢ is an
open immersion. Since the special fiber of the target of ¢ is connected and the special
fiber of the source is proper, we find that ¢ is in fact an isomorphism.

(2) Consider the natural Op-morphism Norm(X) — Norm(Z) induced by the Og-
morphism f : X — Z. Since the morphism Norm(Z) — Z X, O — Z is finite, any
component of Norm(X') above an exceptional component of f in X is contracted under
Norm(&') — Norm(Z). Since Norm(Z) is regular and minimal by (1), any component
contracted by Norm(&Xx') — Norm(Z) is rational. Thus, all exceptional components of f
are also rational.

(3) The fact that Jac(Xy) has good reduction over Oy implies that the toric rank of
Jac(Xg) over O is zero. Under our hypotheses on X, the toric rank of Jac(Xx) can be
computed as the first Betti number of the graph associated with X}, (see, e.g., [21], 1.4).
Thus, this graph is a tree. Since any subgraph of a tree is a tree, (3) follows. 0
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3. INTERSECTION MATRICES

We develop in this section a completely combinatorial study of intersection matrices
N, with a view towards an explicit determination of the invariants occurring in our the-
orems on quotient singularities. At the end of this section, starting in 3.17, we explicitly
describe, for each prime p, a family of star-shaped intersection matrices N satisfying the
combinatorial restrictions suggested by our theorems in the previous section. Many of
these matrices do indeed arise as intersection matrices associated with cyclic quotient
singularities (see 4.1, and [26], [27]).

Definition 3.1 An n X n intersection matrix N = (¢;;) is a symmetric negative definite
integer matrix with negative coefficients on the diagonal, and non-negative coefficients off
the diagonal. We associate a graph G = G(N) to N as follows. Pick n vertices vy, ..., v,
and for ¢ # j link v; to v; in G by exactly ¢;; edges. We will always assume, unless stated
otherwise, that GG is connected. When this is the case, N is called irreducible.

Definition 3.2 Let N be an intersection matrix. Recall that there exist matrices P, Q) €
GL,(Z) such that PNQ = diag(dy,...,d,) with dy | d2 | ... | d,. The diagonal matrix
PNQ is called the Smith Normal form of N. We define the Smith group ®n of N to
be the group ®y := Z"/N(Z"). Then Z"/N(Z") is isomorphic to [[;_, Z/d;,Z. Clearly,
|®n| = det(N). We present in 3.14 a general formula for the size of &5 when G(N) is a
tree.

Recall that if X|Y € Z", we write X > 0 (resp., X > 0) if all coefficients of X are
positive (resp., if all coefficients are non-negative). We write X > Y if X —Y > 0, and
wewrite X > Y if X-Y >0.

3.3 Let N be any symmetric integer matrix with negative integers on the diagonal, and
non-negative integers off the diagonal, and assume that its associated graph is connected.
In general, such a matrix need not be negative semi-definite. However, we claim that f
there exists a integer vector R > 0 such that NR < 0, then either NR = 0 and N 1s
negative semi-definite, or NR # 0 and N is non-singular and negative definite.

Indeed, exercise 4.14 in [7], chapter 6, page 155, shows that —N is an M-matrix, and
exercise 4.15 implies that —V is positive semi-definite. Suppose now that NR # 0. Then
N is non-singular because otherwise —N does not satisfy condition (5) of Theorem 4.16
in chapter 6 of [7] (alternatively, use Theorem 2.7 (ii) of loc. cit.). Then Theorem 2.3
in [7], page 134, implies that all principal minors of —N are positive. Alternatively, use
exercise 2.6 on page 141.

When exhibiting below a symmetric integer matrix N with negative integers on the
diagonal, and non-negative integers off the diagonal, we will always find it helpful to also
exhibit an integer vector R > 0 with NR <0 and NR # 0, providing in this way a proof
that N is negative definite.

Definition 3.4 Attached to an intersection matrix /N is a unique vector Z > 0 with
positive integer coefficients, and such that the coefficients of NZ are negative or zero, and
Z is minimal for this property. This vector is called the fundamental cycle of N ([3], p.
132).

The vector Z is in general quite a difficult invariant to understand. Therefore, for each
1 =1,...,n, we define below a vector R; associated to N which is an upper bound for
the fundamental cycle Z of N (i.e., Z < R;), and is quite easy to compute in terms of N.
We found such substitutes for Z quite useful, since for instance, as we shall see in 3.14,
given N and one such vector R;, the order of &y can be given explicitly. In addition,
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such vectors R; naturally arise when considering the resolution of singularities of a normal
model of a curve.

Let N* denote the adjoint of N. By definition, N* is the matrix whose (i, j)-term is
the (i, j)-cofactor of the transpose of N, so that NN* = det(N)Id, = N*N. (When
N = (a), we set N* = (1).) Let eq,...,e, denote the standard basis of Z". A symmetric
irreducible non-singular positive definite matrix with non-positive off-diagonal coefficients
has an adjoint with only positive coefficients ([7], Chapter 6, 2.5-2.7). As the intersection
matrix N is non-singular, —N has the above properties, and we find that (—1)""'N* has
only non-negative coefficients. It follows that if we let (—1)""!R; denote the i-th column
vector of N* divided by the greatest common divisor of its coefficients, then R; has positive
coefficients, and N R; = —p;e; for some positive integer p;. Note that the matrix N can
be completely recovered from the graph G(N) and the equality NR; = —p;e;. Let us also
note the following easy fact.

Lemma 3.5. Let 7; denote the class of the vector e; in the quotient group ®y := Z" /N (Z").
Then the order of T; is p;.

Proof. Suppose that the order of 7; is a. By construction, NR; = —p;e;. Thus a | p;.
By hypothesis, there exists a vector S € Z" such that NS = ae;. Write ab = p;, and
consider the equation N(bS+ R;) = 0. Since N is invertible, bS = —R;. Since the greatest
common denominators of the coefficients of R; is 1, we find that b = 1. 0

3.6 By minimality of the fundamental cycle Z, the vector S := inf;(R;) is also an upper
bound for Z. However, even though the vector S is canonically associated with N, it is
not in general the fundamental cycle of N.

The knowledge of a vector R; provides a bound on the self-intersection |Z2|. Indeed,
since Z < R;, write B; = Z + X with X > 0. Then R? = Z? + 27 - X + X2 Since N is
negative definite, X2 < 0, and since Z is the fundamental cycle, Z - X < 0. Hence,

|Z?| < |R?|, foralli=1,...,n.

We also note here a bound for |Z?| of a different type. Let 1 < z,,;, denote the smallest
coefficient of the vector Z. Let e denote the exponent of the group ®5. Then

(3.6.1) |Z2| < ezmin.-

Indeed, write 7 = (z1,...,2,), and assume that z,;, = 2. Then |Z?| < |Z - R)| =
Pizi < €Zmin (3.5). Our next lemma is immediate from this inequality. We also note that
|Z?%| < p;z; implies that if |®x| = 1, then Z = R; for some j, and |Z?| = 2,n.

Lemma 3.7. Assume that ®y is killed by an integer e, and that the fundamental cycle
Z of N has a coefficient equal to 1. Then |Z?| < e.

Remark 3.8 An intersection matrix N of type Eg has trivial Smith group ®y5 and a
fundamental cycle Z with |Z2| = 2z, = 2. Such an intersection matrix is shown in
[31], Example 10, to occur as the intersection matrix associated with a Z/2Z-quotient
singularity.

Remark 3.9 Let X — Z be a resolution of a singularity. Let X’ — X be a proper
birational morphism of regular schemes. Then the fundamental cycle Z’ associated with
the exceptional divisor of X’ — Z, and its intersection matrix N’, can be easily expressed
in terms of the fundamental cycle Z associated with the exceptional divisor of X — Z
and its intersection matrix N (see, e.g., [36], 2.9). It is easy to check that Z% = (Z')?
that z,, is also the minimum of the coefficients of Z’, and that the groups ® and ® -
are isomorphic.
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Example 3.10 Our next example shows that the bound in (3.6.1) is sharp when e > 1,
and that the hypothesis in 3.7 that the fundamental cycle Z of N has a coefficient equal
to 1 cannot be removed. We give below a matrix N with its fundamental cycle Z, and
an explicit computation of NZ. In our example, e = 2, and @ is of order 16 (use 3.14).
One checks by a direct computation that ®y is isomorphic to (Z/2Z)*, that 2, = 2,
and |Z2| = ez, = 4. It turns out that Z = Ry in our example.

-4 1 0 0 0 O 0 O 2 -2
1 -2 1 1 1 0 0 O 6 0
o 1 -2 0 0 0 0 O 3 0
o 1 0 -2 0 0 0 O 3 _ 0
o 1 0o 0 -3 1 1 1 4 N 0
o 0o o o 1 -2 0 0 2 0
o 0o o o 1 0 -2 0 2 0
o o o o 1 0 0 =2 2 0

Notation 3.11 Let N be an intersection matrix. We found it useful to represent the
data (N, R;) using the graph G(N) as follows. The graph G(N) has vertices represented
by bullets o. A positive number next to a vertex represent the coefficient of this vertex in
R;, and a negative number next to a vertex is the self-intersection of the vertex in N. We
represent the relation NR; = —p;e; by attaching a ‘virtual’ vertex to Cj, represented by
an open circle, and we adorn this virtual vertex by p;. In many situations, it is possible
to think of this virtual vertex as the vertex of a larger graph to which G(N) is attached.
Note that G(N), R;, and NR;, suffice to recover N. With this notation, the matrix
(N, Ry = Z) in above example is represented as follows:

3 2

3 2

3.12 For later use in describing intersection matrices, we record here the following stan-
dard construction. Given an ordered pair of positive integers r and s with ged(r, s) = 1,
we construct an associated intersection matrix N = N(r, s) with vector Ry = Ry (r,s) and
NR1 = —rex.

Suppose first that » > s. We can then find integers by,...,b,, > 1 and s; = s > s9 >
-+ > 8, = 1 such that r = bys — s9, $1 = bysy — s3, and so on, until we get s,,_1 = by Smm.
These equations are best written in matrix form:

—bl 1 e O S1 —r
ST | : 3
0o ... 1 =b, Sm 0

We let N denote the above square matrix, and let R; be the first column matrix above.
It is well-known that det(N) = %r (see, e.g, [24], 2.6).

The fundamental cycle Z of N is simply Z = (1,...,1). It is thus easy to find many
examples of such matrices N with (up to sign) prime determinant, say p, and |Z?| < p.



WILD QUOTIENT SINGULARITIES OF SURFACES 12

When r < s, we first write r = s — (s — ), and then proceed as above with the ordered
pair s and s —r. We get

-1 1 ... 0 s —r
1 —c . s—r 0

. ‘. 1 : :
0 1 —Cy! 1 0

We let again N denote the above square matrix, and R; the first column matrix. We
leave it to the reader to check that det(N) = £r (use [24], 2.6).

For completeness, we note the following lemma.

Lemma 3.13. Let N be an intersection matriz whose associated graph G(N) does not
have a node. Then ®y is cyclic of order | det(N)|.

Proof. By hypothesis, the graph G(N) is a chain of, say, m vertices. Then there exists
a permutation matrix 7" such that 7' NT is equal to a matrix of the form introduced
in 3.12. Looking at the lower-left corner, we find an (m — 1) x (m — 1)-minor having
determinant 1. Thus, the Smith normal form of N must be diag(1,...,1,det(NN)). Hence,
®y is cyclic. U

Let N be an intersection matrix such that G(N) is a tree. When the additional data
of one of the vectors R; defined in 3.4 is given, we show below how to compute the order
of ®y. The group structure of 5, on the other hand, is much more difficult to predict.

Given a graph G and a vertex v;, let d,,(G), or simply d;(G), denote the degree of v; in
G, that is, the number of edges of G attached to v;. We call a vertex v; with d;(G) =1 a
terminal vertex. Note that a tree with at least two vertices always has a terminal vertex
and, thus, in the explicit formula for | det(N)| given below, the right hand side is a priori
only a rational number.

Theorem 3.14. Let N be an n X n-intersection matriz whose graph G = G(N) is a
connected tree with vertices Cy,...,C,. Assume given a vector R; defined in 3.4 with
NRZ = —DPi€;. W’r’itetR,- = (’l"l, e ,’l"n). Then
T4 (GN)-2
| det(IN)]| :Pﬂ"z‘HTjJ( ) )
j=1
and p; ged(p;, ;) divides | det(N)].

Proof. To prove the theorem, we first construct a larger integer matrix M = (M;;) which
contains the matrix N as a principal minor (i.e., the elements on the diagonal of N are
also on the diagonal of M when N is viewed as a minor of M). The most favorable case
is when p; | 1.

When p; | 71, let M be the symmetric (n+1) X (n+ 1)-matrix, with N in its lower right
corner, and with the coefficients of the first row of M being 0, except for My; := —r;/p;
and My ;41 := 1. It follows that if we set ‘R := (p;,"R;), then M R = 0. The pair (—M, R)
defines an arithmetical graph in the sense of [20], p. 481. The graph G(M) associated with
M has vertices Dy, ..., D1, with Dy, linked to D, by My, edges if k # £. It turns out that
the graph G(M) contains the graph G(N), with vertices C; = Dy, ..., C, = D,41, and to
obtain G(M) from G(N), one additional vertex, Dy, is attached by exactly one edge to
C;. In particular, G(M) is a tree. Let ®,; denote the torsion subgroup of Z"™! /Im(M).
If M*' denote the minor of M obtain by removing the first row and first column from
M, then | det(M™)| = |®y|p? ([20], 1.3). Since G(M) is a tree, the order of @, is given
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explicitly by a formula involving the coefficients of R and the degrees of the vertices in
G(M) ([20], 2.5). Using this formula and the fact that M = N, we find that

de, (G(M))
| det(N <_1H o )p?

Since d¢, (G(M)) = d¢,(G(N)) for j # 0 and j # i, and since d¢,(G(M)) —dc, (G(N)) = 1,
the theorem follows when p; | 7.

The case where p;  r; requires a slightly more complicated construction. In order to be
able to later refer to it when needed, we number it.

3.15 Using the data (N, R;), we describe below how to embed the graph G(N) into the
graph of an arithmetical graph (G(M), M, R), generalizing what we did above when p; | r;.

We proceed as follows when p; 1 r;. We attach to G(N) at C; a chain of vertices
Dy, ..., D,, to obtain the graph G(M): D; is linked with one edge to both C; and D,
D is linked by one edge to both D; and D3, and so on. The terminal vertex on the
chain is D,,. The matrix M restricted to the vertices of G(N) is the matrix N. The
matrix M restricted to the chain Dq,...,D,, is up to permutation the matrix N(r,s)
constructed as in 3.12 with the ordered pair r := r;/ ged(r;, p;) and s := p;/ ged(ri, p;).
(This latter requirement specifies the integer m and all the elements on the diagonal of
M which corresponds to the vertices Dy, ..., D,,.)

We define the vector R as follows: R is equal to R; when restricted to G(N), and when
restricted to the chain Dy, ..., D,,, it is equal to ged(r;, p;) times the associated vector
Ry(r, s) constructed as in 3.12. One checks that by construction, MR = 0. The matrix
M, with M R = 0 and its associated graph G(M), defines an arithmetical tree. The minor
of M corresponding to the chain Dy, ..., D,, has determinant +r;/ ged(p;, 7;).

We can now complete the proof of Theorem 3.14 when p; 1 ;. Complete the tree G(IV)
into an arithmetical tree (G(M), M, R) as above. Consider the principal minor Mp, of
M, obtained from M by removing the row and the column corresponding to the vertex
Dy (whose coefficient in R is p;). If p; 1 r;, the matrix Mp, consists of two blocks, and
the determinant of both blocks can be computed explicitly to give

| det(Mp, )| = | det(N)[ - pi/ ged(pi, 74)-

We now compute det(Mp,) in a different way using the fact that G(M) is an arithmetical
tree, to obtain | det(Mp,)| = |®y|p?, with an explicit formula for |®,,| given by

dc (G(M))—

T

-1

:j:

|®M| - ng Tzapz
7j=1

([20], 1.3 and 2.5). Since now |det(N)| = |®as|p; ged(ps, 1), Theorem 3.14 follows. O

Example 3.16 An A,-singularity is resolved by a chain of n (—2)-curves. Call N,, its
matrix (which up to permutation is of the form given in 3.20). Lemma 3.13 shows that
the Smith group of N,, is cyclic. Its order is n+ 1, and can be determined using Theorem
3.14 with the relation (n,n—1,...,2,1)N,, = (—=(n+1),0,...,0).

We also have (1,...,1)N, = (=1,0,...,0,—1), so that Z = (1,...,1) and |Z?| = 2.
When n+ 1 = p is prime, it would be of interest to determine whether the matrix N, can
arise as the intersection matrix of a Z/pZ-quotient singularity. This question has recently
been addressed in [14].
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Example 3.17 Recall that a tree with exactly one node is called star-shaped. For each
prime p, and for any integer a > 2, we exhibit below a class of intersection matrices N
whose associated graph G(NN) is a star-shaped tree with exactly one node C, and a + 1
terminal chains attached to it. A criterion for the Smith group ®y to be killed by p is
given in 3.21, and a criterion for |Z?| < p is found in 3.22. The simplest matrices in the
family are represented in 3.18.

Fix a > 0. Fix a > 2, and consider positive integers ry,...,r, < p, such that p divides
r1+ -+ r,. The square matrix N (of some size n) that we are going to construct will
have a graph G, and an associated vector R with NR = —pe for some vector e belonging
to the standard basis of Z".

Let Dq,...,D,, and C7, denote the vertices of G connected to C'. We set the coefficient
of R corresponding to C' to be p, the coefficient corresponding to D; to be r;, and the
coefficient of C to be p. The self-intersection of C' is (C'- C) := —(r1 + -+ - + 14 + p)/p.

The matrix N ‘restricted’ to the chain started by D; is taken to be the matrix con-
structed in 3.12 using the ordered pair p and r;. The vector R ‘restricted’ to the chain
started by D; is taken to be the corresponding vector described in 3.12. In particular,
the coefficient of R corresponding to the terminal vertex of the chain is 1. The terminal
chain started by C] consists of a — 1 vertices, all of self-intersection —2. The vector R
restricted to this terminal chain has all its coefficients equal to p.

It is easy to check that the vector NR has all its coefficients equal to 0, except for
the coefficient corresponding to the last vertex on the chain started by C, where the
coefficient of NR is —p.

Example 3.18 Let us denote by N(p, a, r1) the simplest intersection matrix in the class
of matrices introduced in 3.17: we take a = 2, and 5 := p—rq, so that the self-intersection
of the node C' is —2. We represent this intersection matrix and its associated vector R as
follows, using the conventions introduced in 3.11:

p—r 1
p p p P Y
O----- *—0 -
22 2 2 1 1
----- *—e

The integer « is the number of vertices in the graph which have self-intersection —2 and
multiplicity p. When p = 2, then r; must be 1, and the intersection matrix N(2,«, 1)
corresponds to the Dynkin diagram D,,, with m = a + 2 being the number of vertices of
the graph.

3.19 Consider the data (N, R) described in 3.17. Then we can use Theorem 3.14 to find
that |®y| = p°.

3.20 Let us explicitly note here that the matrix N restricted to the chain started by C
is the square matrix below, with the following relation:

2 1 0 0 N Y
1 -2 -0 - oa— 2 0
0 1 0 = :
1 -2 1 2 0

1 0
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Lemma 3.21. Let N denote the intersection matriz introduced in 3.17. Then ®x s killed
by p if and only if p divides .

Proof. We proceed to perform a row and column reduction of the matrix N. Each chain
can be dealt with separately, using the row and column operations in 2.5 of [24]. We leave
it to the reader to check that the matrix N is row and column equivalent to a matrix
consisting of two blocks, the Identity matrix of the appropriate size, and the matrix

c-C) r ... r, a—1
1 -p 0 ... 0
A= : 0 - ' :
1 N L
1 0o ... 0 —«
Using its last line, the matrix A can be further reduced to the matrix
0 v ... 71, «x
0O —p 0 ... «
A=1: 0 0
0 : —-p «
1 0 ... 0 O

(where z is a entry that we need not make explicit). Let A” denote the top right principal
minor of A’) of size (a +1 x a+ 1). Since p® = |®y|, the group @y is killed by p if and
only if p divides the greatest common divisor of the determinants of the (2 x 2)-minors of
A”. Clearly, if p kills @y, then p divides the determinant

n X
0 «

and, hence, p | a since p > 1. Suppose now that p | @. Then, after having reduced A”

modulo p, it is easy to show that p divides the determinant of any (2 X 2)-minor of A”.
[

Lemma 3.22. Assume that o > p. Then the fundamental cycle Z of the intersection
matriz N introduced in 3.17 is such that |Z% < p.

Proof. Consider the vector R > 0 with NR < 0 associated with N in 3.17. Then R > Z,
and |R?| > |Z? (3.6), but this inequality is not strong enough to prove our lemma in
general since |R?| = p?. However, since R has a coefficient equal to 1 and R > Z, we find
that z,,;, = 1, so that when ®y is killed by p, the lemma follows from 3.7.

When a > p, let us modify the vector R as follows. Denote by Fy, Es, ..., F,_1 the
consecutive vertices on the chain of G(IV) started by C1, so that E is the terminal vertex.
In particular, £, 1 = C4, and for convenience, we will let E, := C, where C' is the node
of G(N). Define S € ZZ, to be a vector equal to R when restricted to the graph of G(N)
minus Fy, ..., E,_1, and set the coefficient of S corresponding to E; to be i. Then S > 0,
and it is easy to check that NS = —e, where e is the standard basis vector corresponding
to the vertex E,. Since the coefficient of S corresponding to E, is equal to p, we find that
|S?| = p, so that |Z?| < p, as desired. O

For future reference, we record here:

Corollary 3.23. Let N = N(p,«, 1) be the intersection matriz introduced in 3.18, with
fundamental cycle Z. When p divides «, then @y ~ (Z/pZ)* and |Z*| < p.
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Proof. Follows from 3.19, 3.21, and 3.22. O

Intersection matrices of type N (2,20, 1) are shown in 4.1 to arise as intersection ma-
trices of wild Z/27Z-quotient singularities. A larger subclass of the matrices introduced in
3.17 will be shown to arise as intersection matrices of Z/pZ-quotient singularities for all
odd primes p in [26] and [27]. These matrices also arise in Theorem 2.2 of [25].

4. EXAMPLES WITH p = 2

It is known that a tame Z/2Z-quotient singularity has a resolution with an irreducible
exceptional divisor. In contrast, as the following theorem shows, there is no bound on the
number of irreducible components in the exceptional divisor of the minimal resolutions of
wild Z/2Z-quotient singularities.

Theorem 4.1. Let > 1 be any integer. Then there exist an excellent regular local ring
B of mized characteristic (0,2), and when (3 is odd, an excellent reqular local ring B' of
equicharacteristic 2, both endowed with an action of 7/27, such that the resolution of
the associated wild quotient singularities on Spec B¥ and Spec(B')? have intersection
matrices equal up to permutation to the matriz N(2,206,1) described in 3.18.

This theorem will follow from results on the reduction of certain elliptic curves which
may be of independent interest. The proof of Theorem 4.1 is postponed to 4.8.

Recall that an elliptic curve C'/k over an algebraically closed field of characteristic p > 0
is called ordinary if C'(k) has exactly p points of order dividing p. Otherwise, it is called
supersingular and C'(k) does not have any point of order exactly p. When p = 2, only one
isomorphism class of elliptic curves is supersingular, the class with j-invariant j = 0.

Let Ok be a Henselian discrete valuation domain, with field of fractions K, uniformizer
Tk, and algebraically closed residue field k. We let p := char(k). Let E/K be an elliptic
curve having potentially good reduction. By definition, E/K is such that there exists
a finite Galois extension L/K such that Er /L has a smooth model }/O. The generic
fiber of ) is isomorphic to the curve Er/L. We denote by ) the special fiber, which by
assumption is an elliptic curve. When ) is an ordinary elliptic curve, we say that £/K
has potentially good ordinary reduction.

Assume L/K Galois, and let H := Gal(L/K). Attached to the extension L/K is a
sequence of (not necessarily distinct) subgroups of H, the higher ramification groups H =
Hy > Hy >.... The valuation of the different of the extension O, /O is expressed using
Hilbert’s formula: » 2 (|H;| — 1) (see, e.g., [32], IV.2, Proposition 4). For convenience,
we define s;,/x by the formula

Sp/k +1= Z(|Hz| —1).
i=0
Then sp,/x > 0 if and only if L/K is wild.

Recall that the special fibers of minimal regular models of elliptic curves are labeled
with a Kodaira symbol. The symbol I refers to a special fiber consisting in a configuration
of n+ 5 rational curves, 4 of them of multiplicity 1, and n + 1 of multiplicity 2, with dual
graph given by
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Theorem 4.2. Let Ok be a Henselian discrete valuation domain with algebraically closed
residue field k of characteristic 2. Let E/K be an elliptic curve with additive reduction
and potentially good ordinary reduction. Then there exists a quadratic extension L/K
such that E/L has a smooth model ¥ /Oy, and E/K has reduction of type I, .

Proof. We first treat the equicharacteristic case. Any ordinary elliptic curve can be given
over K by an equation y?+xy = 23 +ayx®+ag, with ag # 0 (the non-trivial 2-torsion point
is (0, /as)) (see, e.g., [33], App. A, 1.1). This latter equation has A = ag, and j = 1/as. It
follows that this curve has potentially good reduction if and only if ag ¢ TxOf. Since the
curve with j = 0 is supersingular when p = 2, we find that the reduction is potentially good
and ordinary if and only if ag € Oj.. The reduction is good when ay € Ok (reduce mod
7k the above equation). In general, this curve achieves good reduction over L := K(z)
with 2% + 2 + as = 0 (to see this, make the change of variables y = Y + zz). Since we
assume that F/K has additive reduction, the extension L/K must be non-trivial and
ramified.

Let v denote the discrete valuation of K, and v; the valuation of L. We claim that
it is possible to change coordinates such that the new coefficient @), has odd negative
valuation. Indeed, suppose that ay = u/72™ with v(u) = 0. Since k is algebraically
closed, it is possible to find b € O such that 7x | (b* +u). Then the change of variables
y=Y + éx produces the new equation

V4 ab+u

Yi4aY =a2°+ x° + ag,

2m
K

2 m
with v(%) > —2m. Since the extension L/K must be ramified, repeating this
K

process finitely many times must lead to a new equation where the new coefficient a), has
odd negative valuation. It is easy to check that L is the splitting field of both 22 + 2 + as
and t* 4+t + ab.

Assume then that ao = unr™" € K* with negative odd valuation —r and u a unit. Our
elliptic curve E/K is given by the equation y* + zy = 2° + asx? + ag. Set s such that
r = 2s — 1. An integral equation for E/K with v(A) = 12s is given by

y: + miry = 2% + 12 Da? + 1%aq.

It follows from Tate’s Algorithm ([34], IV 9.4, p. 367) that this equation for F'/K is already
minimal. More precisely, our equation satisfies the conditions of Step 7 in loc. cit. We
leave it to the reader to show that the reduction is of type I.. An easy computation shows
that the higher ramification groups satisfy Hy = --- = H, = Z/27Z, and H,,; = {0}, so
that 7 = 57k, as desired. This complete the proof of the theorem in the equicharacteristic
2 case.

Assume now that K is of mixed characteristic 2. An elliptic curve has potentially good
ordinary reduction if and only if its j-invariant is a unit in O. Let j, € O}, and let
E;,/K be the elliptic curve given by the equation

36 1
jo—1728" o — 1728’

This is an elliptic curve with j(E},) = jo and A = j3/(jo — 1728)3. Since v(jo) = 0, we
find that this curve has good (ordinary) reduction over Ok.

Since jo # 0 and jo # 1728 by hypothesis, an elliptic curve with j-invariant j, has
only two automorphisms. Therefore, we find that two curves with same j-invariant j, are
quadratic twists of each other.

v oy =2 —
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Since we assume that Ok has algebraically closed residue field, we find that any non-
trivial extension L/K is ramified. It follows that an elliptic curve E/K with j-invariant jg
and with additive reduction and potentially good ordinary reduction is a quadratic twist
of E;,/K by a ramified quadratic extension L/K. Pick D € O such that L := K (/D)
has degree 2 over K, and consider the quadratic twist Ep/K given by the equation

D
(4.2.1) y' =2+ Zx2 — D*Ax — D*B,

with A = 36/(jo — 1728) and B = 1/(jo — 1728). Without loss of generality, we may
assume that v(D) = 0 or 1. Consider first the case where v(D) = 1. The equation (4.2.1)
is not integral, and an obvious change of variables transforms it in

y? =2+ Da* — 2'D*Ax — 2°D°B.
We conclude from Tate’s algorithm that the reduction is of type I3, with n = 4v(2).
The valuation of the different of the extension L/K is computed as follows: /D is a
uniformizing parameter, and o(v/D) —v/D = —2v/D has valuation v;(2) + 1. Tt follows
that > 7% (|Hi] — 1) = v2(2) + 1, so that the reduction is I, ), as desired.

When v(D) = 0, consider an FEisenstein equation for L/K, given by the equation
2?2+ az + b, with v(a) > 1 and v(b) = 1. Tt follows that a®> — 4b = Dc? for some element
with v(¢) > 0. More precisely, we must have v(a) = v(c) < v(2). The valuation of the
different of the extension L/K is computed as follows: a root 3 of 22 +az+b=101is a
uniformizing parameter, and o(3) — 5 = —a—28. Thus, vi(c(8) —3) = vr(a). It follows

that >°%0(|H;| — 1) = vi(a). Our goal is to show that the reduction is then I}, .y -

Note that £ — % = —2L. Make the change of variables y =Y + £z in (4.2.1) to obtain
an equation of the form

a b
y’ + —ay = 2* — <a® — D*Ax — D°B.
c c
This equation is not integral, and an obvious change of variables transforms it into
y: +azy = 2° — ba® — ' D*Ax — P D?B.

We conclude from Tate’s algorithm that the reduction is of type I3, with n = 4v(a) — 2,
as desired. O

Remark 4.3 The proof of Theorem 4.2 in the equicharacteristic case exhibits explicitly
elliptic curves satisfying all the conditions in the theorem. Indeed, choose an odd integer
r > 0. Then there exists a quadratic extension L/K such that sy ;x = r: take L to be the
splitting field of 22 4 z + 7". There also exists an elliptic curve F/K with good ordinary
reduction over L, and reduction over K of type I;.: take /K given by the Weierstrass
equation y? + zy = 2% + 7 2% + 1.

Remark 4.4 The proof of Theorem 4.2 in the mixed characteristic case exhibits explicitly
elliptic curves satisfying all the conditions in the theorem. Indeed, when the field K of
mixed characteristic 2 is fixed, the proof shows that an elliptic curve £/K with additive
reduction and potentially good ordinary reduction has reduction over K of type I}, with
0<m < 2v(2).

Choose an even integer r > 0 and a field K of mixed characteristic 2 with v(2) = r/2.
Then there exist a quadratic extension L/K such that s;,x = r: take L to be the splitting
field of 22 — mx. There also exists an elliptic curve E/K with good ordinary reduction
over L, and reduction over K of type I}.: take E//K given by the Weierstrass equation
(4.2.1) with jo =1 and D = 7.
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Choose an odd integer > 0 and a field K of mixed characteristic 2 with v(2) = (r+1)/2
(so that 2 = uﬁgﬂ)/z). Then there exist a quadratic extension L/K such that sp,x = r:

take L to be the splitting field of z? + Wgﬂ)/ 2 + 7. There also exists an elliptic curve
E/K with good ordinary reduction over L, and reduction over K of type I} : take F/K

given by the Weierstrass equation (4.2.1) with jo = 1 and D = 1 — mxu?

Remark 4.5 Theorem 4.2 complements Theorem 2.8 in [25], where X/ K is assumed to
have potentially multiplicative reduction.

Corollary 4.6. Let Ok be a Henselian discrete valuation domain with algebraically closed
residue field k of characteristic 2. Let E/K and E'/K be two isogenous elliptic curves
with potentially good ordinary reduction. Then these curves have same reduction type.
Over Q4. this reduction type is either Iy or I§.

Proof. Since the curves are isogenous, the quadratic extension L/K such that Ej /L has
good reduction also has the property that £’ /L has good reduction. Theorem 4.2 shows
that the reduction of both curves is then of type Ij . As noted in 4.4, over the field
Q4™ with v(2) = 1, the reduction is of type [}, with 0 < m < 2v(2). O

Let Ok be a Henselian discrete valuation domain, with field of fractions K and al-
gebraically closed residue field k of characteristic 2. Let E/K be an elliptic curve with
additive reduction, and potentially good reduction. Assume that there exists a quadratic
extension L/K such that £ /L has a smooth model Y/Op. Theorem 4.2 shows that such
L/K always exists when the reduction is potentially good ordinary.

The Galois group H := Gal(L/K) acts on ) and on ). Let P € Y} be a closed point of
Y fixed by the action of H. The associated local ring Oy p is then endowed with an action
of H, and it is natural to wonder whether the desingularization of Spec(QOy p)¥ can be
described explicitly. While this seems to be a difficult problem when ) is supersingular,
we do so below in the case where ) is ordinary.

Corollary 4.7. Let Ok be a Henselian discrete valuation domain with algebraically closed
residue field k of characteristic 2. Let E/K be an elliptic curve with additive reduc-
tion, and potentially good ordinary reduction. Then the intersection matriz associated

with the minimal resolution of Spec(QOy p) is up to permutation equal to the matriz
N(Q, 2SL/K7 1)

Proof. Let L/K denote the quadratic extension such that Ep/L has a smooth model
Y/Or. Denote by Z/Ok the (normal) quotient /H. Let o denote the automorphism
of Vi/k induced by the action of a generator of H on ). Under our hypothesis, o is
the standard involution of the elliptic curve )y, and it has exactly two fixed points P;
and P5. The scheme Z is singular exactly at the images of these fixed points ([26], 5.2),
which we denote by @)1 and 2. We know that the minimal regular model of F/K is of
the form I ZSL/K. In particular, it contains four components of multiplicity 1. Consider a
minimal resolution A} — Z of ()1, and a minimal resolution X — A} of the preimage
of Q2 in X;. Let A; — X denote the contraction to the minimal regular model X of
E/K. We claim that both resolutions X; — Z and X5 — X; have exceptional divisors
which contain irreducible curves of multiplicity 1 in the special fiber (&X}); and (Xs)y,
respectively. Indeed, if for instance X contains no curves of multiplicity 1 in (A})y,
then by inspection of all possible Kodaira types, we would find that all curves in the
resolution of )7 would get contracted under X — X. But by construction, the only
curve on (Xy); which possibly can be of self-intersection —1 is the irreducible component
corresponding to Zj. This component has multiplicity 2 ([26], 5.1). Such a curve can
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only be of self-intersection —1 if it intersects normally two components of multiplicity 1.
This is a contradiction as we are assuming that no curves of multiplicity 1 are found in
the minimal desingularization of ).

Without loss of generality, we can assume that the origin of the elliptic curve E/K re-
duces to the point (); in Z. Our discussion above implies that there exists a component of
multiplicity 1 in the resolution of ()5, and since the field K is Henselian with algebraically
closed residue field, we find that there exists P € E(K) reducing in Z; to ()2. Consider
the translation 7p by P on E/K. This translation extends to an automorphism 7 of the
quotient Z. Thus, the singularities ); and ); are isomorphic, and since the minimal
model of F/K has type I3, > we find that each singularity is of type N(2,2s1)k,1). O

4.8 Proof of Theorem 4.1. Theorem 4.1 follows immediately from 4.3, 4.4, and 4.7. [J

Remark 4.9 The class of intersection matrices which occur in the resolution of a wild
Z./27Z~quotient singularity is far from being understood. In particular, one may wonder
whether there is any restriction on the number of nodes in a minimal resolution graph
G(N). We conclude this section with a remark on how one could construct Z/2Z-quotient
singularities such that the graph associated with a minimal desingularization of the sin-
gularity has more than one node.

Choose a discrete valuation field K and an elliptic curve £/ K such that there exists a
quadratic extension L/K such that £ /L has good supersingular reduction. Assume that
the reduction of /K is of type I* for some n > 0, so that the graph I has two nodes.
Let Y/Oy, denote the smooth model of Er /L. Since [L : K| =2, H := Z/2Z acts on Y.
The automorphism group of Yy injects into SLy(IF3), and so contains a unique element of
order 2, the canonical involution of Yy /k. Since )y is supersingular, this involution has a
single fixed point, so the quotient Z := )/ H has a single singular point. Let X — Z be a
minimal resolution of this singularity. Let X — A denote the contraction to the minimal
regular model of E/K. Since the special fiber of X has graph I with two nodes, the
graph of the exceptional divisor in X must have at least two nodes.

Finding explicit equations for £/ K with [L : K] = 2, potential supersingular reduction,
and reduction over K of type I for some n > 0, is not completely obvious. One such
equation is given in Example 2 of [16], p. 179, over the field Q(+/26).
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