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General Problems

Let k be any algebraically closed field (in this talk, mostly of
characteristic p > 0). Let A := k[[u, v]] denote the ring of
power series in two variables.

Problem (a). Classify the k-automorphisms o : A — A of
order p.
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Let k be any algebraically closed field (in this talk, mostly of
characteristic p > 0). Let A := k[[u, v]] denote the ring of
power series in two variables.

Problem (a). Classify the k-automorphisms o : A — A of
order p.

Problem (b). Given an automorphism o : A — A of order
p, describe the ring of invariants

B:= A% :={aec A|o(a) = a}.
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General Problems

Let k be any algebraically closed field (in this talk, mostly of
characteristic p > 0). Let A := k[[u, v]] denote the ring of
power series in two variables.

Problem (a). Classify the k-automorphisms o : A — A of
order p.

Problem (b). Given an automorphism o : A — A of order

p, describe the ring of invariants

B:= A% :={aec A|o(a) = a}.

If the ring B is not regular at the maximal ideal mpg, the
closed point mp of Spec(B) is called a cyclic quotient
singularity. The singularity is called wild when p = char(k).
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General Problems

Problem (c). In the presence of a quotient singularity on
Spec(B), describe a desingularization 7 : X — Spec(B) of
the closed point mg.

We will assume that 7 : X — Spec(B) is minimal with the
following properties:
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Problem (c). In the presence of a quotient singularity on
Spec(B), describe a desingularization 7 : X — Spec(B) of
the closed point mg.

We will assume that 7 : X — Spec(B) is minimal with the
following properties:

e X is a regular scheme.
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General Problems

Problem (c). In the presence of a quotient singularity on
Spec(B), describe a desingularization 7 : X — Spec(B) of
the closed point mg.

We will assume that 7 : X — Spec(B) is minimal with the
following properties:

e X is a regular scheme.

e Let E:= 7 1(mpg) =U",C. Then C;/k is a smooth
projective curve.
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General Problems

Problem (c). In the presence of a quotient singularity on
Spec(B), describe a desingularization 7 : X — Spec(B) of
the closed point mg.

We will assume that 7 : X — Spec(B) is minimal with the
following properties:

e X is a regular scheme.

e Let E:= 7 1(mpg) =U",C. Then C;/k is a smooth
projective curve.

e The intersection matrix N := ((C; - Cj)x)1<ij<n is such
that (G; - Gj)x = 0 or 1 when i # j.
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General Problems

Problem (c). In the presence of a quotient singularity on
Spec(B), describe a desingularization 7 : X — Spec(B) of
the closed point mg.

We will assume that 7 : X — Spec(B) is minimal with the
following properties:

e X is a regular scheme.

e Let E:= 7 1(mpg) =U",C. Then C;/k is a smooth
projective curve.

e The intersection matrix N := ((C; - Cj)x)1<ij<n is such
that (G; - Gj)x = 0 or 1 when i # j.

Main problem in this talk. For each prime p, describe the
set of all possible intersection matrices N that can arise from
the desingularization of a wild Z/pZ-quotient singularity.
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Known Properties of Intersection Matrices

Attached to the resolution  is its dual graph Iy, with
vertices vi, ..., vn, where v; and v; are linked by (G - j)x
distinct edges when i # j.
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Known Properties of Intersection Matrices

Attached to the resolution  is its dual graph Iy, with

vertices vi, ..., vn, where v; and v; are linked by (G - j)x
distinct edges when i # j.

Let Ad(l'y) denote the adjacency matrix of the graph I'y.
The matrix N has the form

N = Diag(ci1, ..., cnn) + Ad(Ty), where ¢;j = (C; - Ci)x is
the self-intersection number of C;.
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Known Properties of Intersection Matrices

Attached to the resolution  is its dual graph Iy, with
vertices vi, ..., vn, where v; and v; are linked by (G - j)x
distinct edges when i # j.

Let Ad(l'y) denote the adjacency matrix of the graph I'y.
The matrix N has the form

N = Diag(ci1, ..., cnn) + Ad(Ty), where ¢;j = (C; - Ci)x is
the self-intersection number of C;.

It is well-known that the matrix N is negative-definite. The
following is also known about such matrices N:
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Known Properties of Intersection Matrices

Attached to the resolution  is its dual graph Iy, with
vertices vi, ..., vn, where v; and v; are linked by (G - j)x
distinct edges when i # j.

Let Ad(l'y) denote the adjacency matrix of the graph I'y.
The matrix N has the form

N = Diag(ci1, ..., cnn) + Ad(Ty), where ¢;j = (C; - Ci)x is
the self-intersection number of C;.

It is well-known that the matrix N is negative-definite. The
following is also known about such matrices N:

Theorem (L.): When the exceptional divisor of 7 has
smooth components with normal crossings, the components
Ci/k are smooth projective lines and the graph Iy is a tree.
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Known Properties of Intersection Matrices

We call the finite abelian group ®y := Z"/Im(N) the
discriminant group of N.
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Known Properties of Intersection Matrices

We call the finite abelian group ®y := Z"/Im(N) the
discriminant group of N.

When N is associated with the exceptional divisor of
7 : X — Spec(B), the group ®y is a quotient of the class
group of B.
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Known Properties of Intersection Matrices

We call the finite abelian group ®y := Z"/Im(N) the
discriminant group of N.

When N is associated with the exceptional divisor of
7 : X — Spec(B), the group ®y is a quotient of the class
group of B.

Theorem (L.): The discriminant group ®y := Z" /Im(N) is
an elementary abelian p-group. In particular
|®n| = |det(N)| = p® for some integer s > 0.
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Let I be a finite connected tree. A symmetric matrix N of
the form N = Ad(l') — Diag(c, ..., cp) with ¢1,...,¢, >1
is not necessarily negative definite. Known Properties
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Known Properties of Intersection Matrices

Let I be a finite connected tree. A symmetric matrix N of
the form N = Ad(l') — Diag(c, ..., cp) with ¢1,...,¢, >1
is not necessarily negative definite.

A sufficient condition for N to be negative-definite is the
existence of a positive integer vector W > 0 such that
NW <0 (i.e., all the coefficients of NW are non-positive).

Intersection
Matrices of Wild
Quotient
Singularities

Dino Lorenzini

Known Properties
of Intersection
Matrices



Known Properties of Intersection Matrices

Let I be a finite connected tree. A symmetric matrix N of
the form N = Ad(l') — Diag(c, ..., cp) with ¢1,...,¢, >1
is not necessarily negative definite.

A sufficient condition for N to be negative-definite is the
existence of a positive integer vector W > 0 such that
NW <0 (i.e., all the coefficients of NW are non-positive).

The fundamental cycle Z € ZZ of N is the minimal positive
vector such that NZ is a non-positive vector. (Recall that
Z < W means Z — W <0).
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Known Properties of Intersection Matrices

Let I be a finite connected tree. A symmetric matrix N of
the form N = Ad(l') — Diag(c, ..., cp) with ¢1,...,¢, >1
is not necessarily negative definite.

A sufficient condition for N to be negative-definite is the
existence of a positive integer vector W > 0 such that
NW <0 (i.e., all the coefficients of NW are non-positive).

The fundamental cycle Z € ZZ of N is the minimal positive
vector such that NZ is a non-positive vector. (Recall that
Z < W means Z — W <0).

Theorem (L.): When N arises from a Z/pZ-quotient
singularity, the self-intersection Z - Z := (*Z)NZ of the
fundamental cycle of N is such that |Z - Z| < p.
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Known Properties of Intersection Matrices

Let I be a finite connected tree. A symmetric matrix N of
the form N = Ad(l') — Diag(c, ..., cp) with ¢1,...,¢, >1
is not necessarily negative definite.

A sufficient condition for N to be negative-definite is the
existence of a positive integer vector W > 0 such that
NW <0 (i.e., all the coefficients of NW are non-positive).

The fundamental cycle Z € ZZ of N is the minimal positive
vector such that NZ is a non-positive vector. (Recall that
Z < W means Z — W <0).

Theorem (L.): When N arises from a Z/pZ-quotient
singularity, the self-intersection Z - Z := (*Z)NZ of the
fundamental cycle of N is such that |Z - Z| < p.

Wagreich (1970): |Z - Z| < multiplicity of (B, mp).
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call an intersection matrix N € My(Z) p-suitable if it P ez
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p-suitable intersection matrices

Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—c,...

,—¢n) + Ad(IN).
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p-suitable intersection matrices
Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.
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p-suitable intersection matrices

Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.
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p-suitable intersection matrices

Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.

We will say that a p-suitable intersection matrix N arises
from a quotient singularity
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p-suitable intersection matrices

Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.

We will say that a p-suitable intersection matrix N arises
from a quotient singularity if there exists a Z/pZ-quotient
singularity Spec(A%/PZ) with a resolution of singularities

7 : X — Spec(A%/P) such that
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p-suitable intersection matrices

Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.

We will say that a p-suitable intersection matrix N arises
from a quotient singularity if there exists a Z/pZ-quotient
singularity Spec(A%/PZ) with a resolution of singularities

7 : X — Spec(A%/PZ) such that e all irreducible
components C; of the exceptional divisor E of 7w are smooth,
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p-suitable intersection matrices

Let p be any prime. Motivated by the above theorems, we
call an intersection matrix N € My(Z) p-suitable if it
satisfies the following linear algebraic properties:

e There exists a connected tree I on n vertices, and integers
Ci,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.

We will say that a p-suitable intersection matrix N arises
from a quotient singularity if there exists a Z/pZ-quotient
singularity Spec(A%/PZ) with a resolution of singularities
7 : X — Spec(A%/PZ) such that e all irreducible
components C; of the exceptional divisor E of 7w are smooth,
e and such that up to a choice of the ordering of the
irreducible components C;, the intersection matrix associated
with E is equal to the given matrix N.
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Main problem about p-suitable intersection
matrices

Let p be any prime. An intersection matrix N € M,(Z) is
p-suitable if it satisfies the following linear algebraic
properties:

e There exists a connected tree [ on n vertices, and integers
C1,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.
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Main problem about p-suitable intersection
matrices

Let p be any prime. An intersection matrix N € M,(Z) is
p-suitable if it satisfies the following linear algebraic
properties:

e There exists a connected tree [ on n vertices, and integers
C1,...,Cn > 2, such that N = Diag(—cy,...,—c,) + Ad(l).

e The matrix N is negative definite and the group ®y is
killed by p.

e The fundamental cycle Z of N is such that |Z - Z| < p.

Problem. Characterize the p-suitable intersection matrices
which arise from a Z/pZ-quotient singularity.
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The classical case when p # char(k)
When p # char(k), k contains a non-trivial p-th root of
unity Cp.
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The classical case when p # char(k)

When p # char(k), k contains a non-trivial p-th root of
unity Cp.

Any k-linear action of Z/pZ on k[[u, v]] can be transformed
into a canonical form:

u— Cpuand v — (v, with 0 <r <p.
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The classical case when p # char(k)
When p # char(k), k contains a non-trivial p-th root of
unity Cp.
Any k-linear action of Z/pZ on k[[u, v]] can be transformed
into a canonical form:
u— Cpuand v — (v, with 0 <r <p.

When r > 1, the resolution of Spec AZ/PZ s a chain of
smooth projective curves (Hirzebruch-Jung string).
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Any k-linear action of Z/pZ on k[[u, v]] can be transformed
into a canonical form:
u— Cpuand v — (v, with 0 <r <p.

p-suitable

When r > 1, the resolution of Spec AZ/PZ s a chain of intersection
smooth projective curves (Hirzebruch-Jung string).
The dual graph I' consists of a chain

N *—@ ------- *—o
—a —Q —Ch—1 —Cp
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Any k-linear action of Z/pZ on k[[u, v]] can be transformed
into a canonical form:
u— Cpuand v — (v, with 0 <r <p.

p-suitable

When r > 1, the resolution of Spec AZ/PZ s a chain of intersection
smooth projective curves (Hirzebruch-Jung string).
The dual graph I' consists of a chain

N *—@ ------- *—o
—a —Q —Ch—1 —Cp

The intersection matrix N with graph I satisfies
|det(N)| = p (so ¢y = Z/pZ),
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The classical case when p # char(k) Matrices of Wil

Quotient
When p # char(k), k contains a non-trivial p-th root of Singularities
unity CP' Dino Lorenzini

Any k-linear action of Z/pZ on k[[u, v]] can be transformed
into a canonical form:
u— Cpuand v — (v, with 0 <r <p.

p-suitable

When r > 1, the resolution of Spec AZ/PZ s a chain of intersection
smooth projective curves (Hirzebruch-Jung string).
The dual graph I' consists of a chain

N *—@ ------- *—o
—a —Q —Ch—1 —Cp

The intersection matrix N with graph I satisfies
|det(N)| = p (so ¢y = Z/pZ),

and 'Z = (1,...,1) with |Z-Z| < p.



Intersection

The classical case when p # char(k) Matrices of Wil

Quotient
When p # char(k), k contains a non-trivial p-th root of Singularities
unity CP' Dino Lorenzini

Any k-linear action of Z/pZ on k[[u, v]] can be transformed
into a canonical form:
u— Cpuand v — (v, with 0 <r <p.

p-suitable

When r > 1, the resolution of Spec AZ/PZ s a chain of intersection
smooth projective curves (Hirzebruch-Jung string).
The dual graph I' consists of a chain

N *—@ ------- *—o
—a —Q —Ch—1 —Cp

The intersection matrix N with graph I satisfies
|det(N)| = p (so ¢y = Z/pZ),

and 'Z = (1,...,1) with |Z-Z| < p.

For each p, there are finitely many such matrices, and every
such matrix N arises as a cyclic quotient singularity.



There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:
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There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:

Theorem (L.-Schréer). Fix any power p™, m > 0. Then
there exists a quotient singularity Spec AZ/PL whose
resolution matrix N has | det(N)| = p™.
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There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:

Theorem (L.-Schréer). Fix any power p™, m > 0. Then
there exists a quotient singularity Spec AZ/PL whose
resolution matrix N has | det(N)| = p™.

Recall that given a vertex v of a graph I', the degree of v is
the number of edges of [ attached to v.
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There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:

Theorem (L.-Schréer). Fix any power p™, m > 0. Then
there exists a quotient singularity Spec AZ/PL whose
resolution matrix N has | det(N)| = p™.

Recall that given a vertex v of a graph I', the degree of v is
the number of edges of [ attached to v. A vertex of
degree at least 3 is called a node of the graph.
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There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:

Theorem (L.-Schréer). Fix any power p™, m > 0. Then
there exists a quotient singularity Spec AZ/PL whose
resolution matrix N has | det(N)| = p™.

Recall that given a vertex v of a graph I', the degree of v is
the number of edges of [ attached to v. A vertex of
degree at least 3 is called a node of the graph. A chainis a
connected tree I' with no vertices of degree greater than 2.
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There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:

Theorem (L.-Schréer). Fix any power p™, m > 0. Then
there exists a quotient singularity Spec AZ/PL whose
resolution matrix N has | det(N)| = p™.

Recall that given a vertex v of a graph I', the degree of v is
the number of edges of [ attached to v. A vertex of
degree at least 3 is called a node of the graph. A chainis a
connected tree I' with no vertices of degree greater than 2.

A tree is called star-shaped if it has a unique node.
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There are a lot of wild quotient singularities

For each prime p, there exists infinitely many quotient
singularities Spec AZ/PZ whose resolutions produce infinitely
many different p-suitable intersection matrices N. More
precisely:

Theorem (L.-Schréer). Fix any power p™, m > 0. Then
there exists a quotient singularity Spec AZ/PL whose
resolution matrix N has | det(N)| = p™.

Recall that given a vertex v of a graph I', the degree of v is
the number of edges of [ attached to v. A vertex of
degree at least 3 is called a node of the graph. A chainis a
connected tree I' with no vertices of degree greater than 2.

A tree is called star-shaped if it has a unique node.

Addendum. The dual graphs of the resolutions of the
singularities occurring in the above theorem are all
star-shaped trees.
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Open Question.
For each prime p, and for every integer § > 2, exhibit a o o

quotient singularity Spec AZ/PZ whose associated dual graph  wid e
singularities
Iy has § nodes. ¢
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Example with five nodes (personal record).
Let p=2. In k[[x,y]][z], consider the hypersurface
f(z) =0, where
f(z) := 22 + abz + a%y + b?x,
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Example with five nodes (personal record).

Let p=2. In k[[x,y]][z], consider the hypersurface
f(z) =0, where

f(z) := 22 + abz + a%y + b?x,
a:=x>"+y(x3+xy),

bi=y(+xy+y?),

/=0,1,2.
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Example with five nodes (personal record).
Let p=2. In k[[x, y]][z], consider the hypersurface
f(z) =0, where
f(z) := 22 + abz + a%y + b?x,
a:= x4 y(x3 + xy),
b=y (x> +xy +y°),
1=0,1,2.
Artin (1975): The ring k[[x, y]][z]/(f(2)) is a
7./27-quotient singularity (as long as \/(a, b) = (x,y))...
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Example with five nodes (personal record).

Let p=2. In k[[x, y]][z], consider the hypersurface
f(z) =0, where

f(z):= 72 + abz + a2y + b%x,

a:= x4 y(x3 + xy),

bi=y(x* +xy +y°),

/=0,1,2.

Artin (1975): The ring k[[x, y]][z]/(f(2)) is a
7./27-quotient singularity (as long as \/(a, b) = (x,y))...
Magma: ...whose resolution has 18 + 8/ components

et
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Wild quotient singularities whose resolution have
few components
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Wild quotient singularities whose resolution have
few components

Problem. The matrix N = (—p) is p-suitable. Does it arise
from a wild Z/pZ-quotient singularity when p > 27
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Wild quotient singularities whose resolution have

few components

Problem. The matrix N = (—p) is p-suitable. Does it arise
from a wild Z/pZ-quotient singularity when p > 27

Theorem (L. - Schréer) The Dynkin diagram Ap—_1 arises

from a wild 7./ pZ-quotient singularity.

-1
/—p/%
®------- -@
-2 -2
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Wild quotient singularities whose resolution have
few components

Problem. The matrix N = (—p) is p-suitable. Does it arise
from a wild Z/pZ-quotient singularity when p > 27

Theorem (L. - Schréer) The Dynkin diagram Ap—_1 arises
from a wild 7./ pZ-quotient singularity.

—1
/—p/%

Ap-1 @ ------- -®

-2 -2

So far, Ap_1 is the only Hirzebruch-Jung string known to
occur as a wild Z/pZ-quotient singularity.
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Wild quotient singularities whose resolution have
few components

Problem. The matrix N = (—p) is p-suitable. Does it arise
from a wild Z/pZ-quotient singularity when p > 27

Theorem (L. - Schréer) The Dynkin diagram Ap—_1 arises
from a wild 7./ pZ-quotient singularity.

—1
’_P/%

Ap-1 @ ------- -®

-2 -2

So far, Ap_1 is the only Hirzebruch-Jung string known to
occur as a wild Z/pZ-quotient singularity.

Theorem (L.) Given any prime p and any integer

n > p+ 3, there exists a wild 7./ pZ-quotient singularity
whose resolution produces a p-suitable intersection matrix of
size n.

Intersection
Matrices of Wild
Quotient
Singularities

Dino Lorenzini

There are a lot of
wild quotient
singularities



Hard to exhibit wild quotient singularities having
only few components
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Hard to exhibit wild quotient singularities having
only few components
Recall: Given any prime p and any integer n > p + 3, there

exists a 7./ pZ-quotient singularity whose resolution produces
a p-suitable intersection matrix N of size n.
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Hard to exhibit wild quotient singularities having
only few components

Recall: Given any prime p and any integer n > p + 3, there
exists a L/ pZ-quotient singularity whose resolution produces
a p-suitable intersection matrix N of size n.

Problem. Is there a lower bound np(p), with

lim sup no(p) = oo, such that if N is a p-suitable matrix of
size n which occurs as a Z/pZ-quotient singularity and
whose associated tree has at least one node, then n > ng(p).
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Hard to exhibit wild quotient singularities having
only few components

Recall: Given any prime p and any integer n > p + 3, there
exists a L/ pZ-quotient singularity whose resolution produces
a p-suitable intersection matrix N of size n.

Problem. Is there a lower bound np(p), with

lim sup no(p) = oo, such that if N is a p-suitable matrix of
size n which occurs as a Z/pZ-quotient singularity and
whose associated tree has at least one node, then n > ng(p).

Problem. Consider an intersection matrix N of size n with
| det(N)| = 1. Then N is p-suitable for all but finitely many
p (we just need p > |Z - Z|).
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Hard to exhibit wild quotient singularities having
only few components

Recall: Given any prime p and any integer n > p + 3, there
exists a L/ pZ-quotient singularity whose resolution produces
a p-suitable intersection matrix N of size n.

Problem. Is there a lower bound np(p), with

lim sup no(p) = oo, such that if N is a p-suitable matrix of
size n which occurs as a Z/pZ-quotient singularity and
whose associated tree has at least one node, then n > ng(p).

Problem. Consider an intersection matrix N of size n with
| det(N)| = 1. Then N is p-suitable for all but finitely many
p (we just need p > [Z - Z|). Can N arise as a
7./ pZ-quotient singularity for infinitely many p?
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Hard to exhibit wild quotient singularities having
only few components

Recall: Given any prime p and any integer n > p + 3, there
exists a L/ pZ-quotient singularity whose resolution produces
a p-suitable intersection matrix N of size n.

Problem. Is there a lower bound np(p), with

lim sup no(p) = oo, such that if N is a p-suitable matrix of
size n which occurs as a Z/pZ-quotient singularity and
whose associated tree has at least one node, then n > ng(p).

Problem. Consider an intersection matrix N of size n with
| det(N)| = 1. Then N is p-suitable for all but finitely many
p (we just need p > [Z - Z|). Can N arise as a
7./ pZ-quotient singularity for infinitely many p?

Theorem (Artin, 1977) The Dynkin diagram Eg, with
S, = (1) and n = 8, occurs as a Z/ pZ-quotient singularity
only for p =2 and 5.
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strictly contains the graph of the Dynkin diagram Eg as an
induced subgraph. Let p be any prime.
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There are a lot of p-suitable matrices

Theorem (L.) Let I be any finite connected tree which
strictly contains the graph of the Dynkin diagram Eg as an
induced subgraph. Let p be any prime.  Then there exists
a p-suitable matrix N with associated graph I such that
[On| = p.
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There are a lot of p-suitable matrices Matrices of Wild
Quotient
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Dino Lorenzini
Theorem (L.) Let I be any finite connected tree which
strictly contains the graph of the Dynkin diagram Eg as an
induced subgraph. Let p be any prime.  Then there exists
a p-suitable matrix N with associated graph I such that
[On| = p.

The graph Eg can be replaced by any finite connected tree
o, as long as for some prime £, there exists an {-suitable
matrix Np with associated graph 'y such that [®p,| = 1.
There are no known such graph of size less than n =8, and
four of size 8.

There are a lot of
p-suitable matrices



There are a lot of p-suitable matrices Matrices of Wid
Quotient
Singularities

Dino Lorenzini
Theorem (L.) Let I be any finite connected tree which
strictly contains the graph of the Dynkin diagram Eg as an
induced subgraph. Let p be any prime.  Then there exists
a p-suitable matrix N with associated graph I such that
[On| = p.

The graph Eg can be replaced by any finite connected tree
o, as long as for some prime £, there exists an {-suitable
matrix Np with associated graph 'y such that [®p,| = 1.
There are no known such graph of size less than n =8, and
four of size 8.

There are a lot of
p-suitable matrices

Theorem (L.) Fix any prime p and any integer 6 > 2. Then
there exists a p-suitable intersection matrix N whose
associated graph has § nodes and |®y| > p°.
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Recap: Maybe there are no Z/pZ-quotient Matrces of Wi

Quotient

singularities with few components Singularities

Dino Lorenzini

Example The smallest known example of a 7-suitable
intersection matrix arising as a Z/7Z-quotient singularity is
the Brieskorn singularity z7 + x*® + y3¢ =0,
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Example The smallest known example of a 7-suitable
intersection matrix arising as a Z/7Z-quotient singularity is
the Brieskorn singularity z” + x5 4+ y36 =0, of size n = 0:

—-12 -5 —4 1 3 7 20 5
o_ ---
N V4 \V_‘
¢ ® ® * d . p-suit IZ ?nlac;:tri?:is
—4 5 20 35 20 g

The associated group ®p has order 72 and Z2 = —3.
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Example The smallest known example of a 7-suitable
intersection matrix arising as a Z/7Z-quotient singularity is
the Brieskorn singularity z” + x5 4+ y36 =0, of size n = 0:

—-12 -5 —4 1 3 7 20 5
O ---
N Z \V_‘
¢ ® ® * d . p-suit IZ ?nlaottri::)is
—4 5 20 35 20 g

The associated group ®p has order 72 and Z2 = —3.
In this example, —NZ is a standard basis vector of Z", and

so —Z is a column of N~ 1.
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Singularities
Dino Lorenzini
Example The smallest known example of a 7-suitable

intersection matrix arising as a Z/7Z-quotient singularity is

the Brieskorn singularity z” + x5 4+ y36 =0, of size n = 0:

—-12 -5 —4 1 3 7 20 5
o_ ---
N V4 \V_‘
¢ ® ® * d . p-suit IZ ?nlac;:tri?:is
—4 —4 5 20 35 20 g

The associated group ®p has order 72 and Z2 = —3.
In this example, —NZ is a standard basis vector of Z", and

so —Z is a column of N71.
Theorem (L.-Schréer). zP + xP+1 4 yPstl =0 isa
7/ pZ-quotient singularity.
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The matrix N—! provides upper bounds for Z

Let N be an p-suitable intersection matrix. Recall that all
coefficients of N~ are negative (Steiltjes, 1887).
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The matrix N—! provides upper bounds for Z

Let N be an p-suitable intersection matrix. Recall that all
coefficients of N~ are negative (Steiltjes, 1887).

Let {e1,...,en} denote the standard basis of Z". In
®py = Z"/Im(N), the class of e has order 1 or p.

Let N; ! denote the i-th column of N=1. Then
N(N71) = e;.

]
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The matrix N—! provides upper bounds for Z

Let N be an p-suitable intersection matrix. Recall that all
coefficients of N~ are negative (Steiltjes, 1887).

Let {e1,...,en} denote the standard basis of Z". In
®py = Z"/Im(N), the class of e has order 1 or p.

Let N; ! denote the i-th column of N=1. Then
N(N71) = e;.

]

If (N; 1) € Z", then the class of e in ®p is trivial.
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The matrix N~! provides upper bounds for Z Matrices of Wi
Quotient
Singularities

Let N be an p-suitable intersection matrix. Recall that all
coefficients of N~ are negative (Steiltjes, 1887).

Dino Lorenzini

Let {e1,...,en} denote the standard basis of Z". In
®py = Z"/Im(N), the class of e has order 1 or p.

Let N; ! denote the i-th column of N=1. Then
N(N71) = e;.

]

If (N; 1) € Z", then the class of e in ®p is trivial.  Letting
Ri = —(N:') >0, we find that NR; = —e;, so that Z < R;.

Fundamental cycle
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The matrix N~! provides upper bounds for Z Matrices of Wild
Quotient
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Let N be an p-suitable intersection matrix. Recall that all
coefficients of N~ are negative (Steiltjes, 1887).

Let {e1,...,en} denote the standard basis of Z". In
®py = Z"/Im(N), the class of e has order 1 or p.

Let N; ! denote the i-th column of N=1. Then
N(N71) = e;.

]

If (N; 1) € Z", then the class of e in ®p is trivial.  Letting
Ri = —(N:') >0, we find that NR; = —e;, so that Z < R;.

Fundamental cycle
Otherwise, p(N; 1) € Z", and the class of e; in ® has order
p. Letting R := —p(N. ') > 0, we find that NR; = —pe;, so
that Z < R;.
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Let N be an p-suitable intersection matrix. Recall that all
coefficients of N~ are negative (Steiltjes, 1887).
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Let {e1,...,en} denote the standard basis of Z". In
®py = Z"/Im(N), the class of e has order 1 or p.

Let N; ! denote the i-th column of N=1. Then
N(N71) = e;.

]

If (N; 1) € Z", then the class of e in ®p is trivial.  Letting
Ri = —(N:') >0, we find that NR; = —e;, so that Z < R;.

Fundamental cycle
Otherwise, p(N; 1) € Z", and the class of e; in ® has order
p. Letting R := —p(N. ') > 0, we find that NR; = —pe;, so
that Z < R;.

Theorem (L.) Assume that p = 2. Then either —Z or
—~Z/2 is a column of N71.
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At the other end of the spectrum, Z has little to

do with N1

Consider an intersection matrix

N = Diag(—ci, ...

,—cn) + Ad(T).
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At the other end of the spectrum, Z has little to
do with N1

Consider an intersection matrix
N = Diag(—c1,...,—¢p) + Ad(IN).
d;: the degree of the i-th vertex of T.

Assume that ¢; > d; forall i=1,...,n.
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At the other end of the spectrum, Z has little to
do with N1

Consider an intersection matrix

N = Diag(—c1,...,—¢p) + Ad(IN).

d;: the degree of the i-th vertex of T.

Assume that ¢; > d; forall i=1,...,n.

Then 'Z = (1,...,1), since clearly NZ < 0.
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At the other end of the spectrum, Z has little to
do with N1

Consider an intersection matrix

N = Diag(—c1,...,—¢p) + Ad(IN).

d;: the degree of the i-th vertex of T.
Assume that ¢; > d; forall i=1,...,n.
Then 'Z = (1,...,1), since clearly NZ < 0.

Problem. Assume that [ has at least one node. Can such
matrix N, when p-suitable, actually arise from a
7./ pZ-quotient singularity?

Intersection
Matrices of Wild
Quotient
Singularities

Dino Lorenzini

Fundamental cycle



At the other end of the spectrum, Z has little to
do with N1

Consider an intersection matrix

N = Diag(—c1,...,—¢p) + Ad(IN).

d;: the degree of the i-th vertex of T.

Assume that ¢; > d; forall i=1,...,n.

Then 'Z = (1,...,1), since clearly NZ < 0.

Problem. Assume that [ has at least one node. Can such
matrix N, when p-suitable, actually arise from a
7./ pZ-quotient singularity?

My guess is that such matrix N might not arise from a Z/pZ-quotient singularity. Maybe because

det(N) >> n? The remainder of the talk presents some different evidence that it might not.
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At the other end of the spectrum, Z has little to
do with N1

Consider an intersection matrix

N = Diag(—c1,...,—¢p) + Ad(IN).

d;: the degree of the i-th vertex of T.

Assume that ¢; > d; forall i=1,...,n.

Then 'Z = (1,...,1), since clearly NZ < 0.

Problem. Assume that [ has at least one node. Can such
matrix N, when p-suitable, actually arise from a
7./ pZ-quotient singularity?

My guess is that such matrix N might not arise from a Z/pZ-quotient singularity. Maybe because

det(N) >> n? The remainder of the talk presents some different evidence that it might not.

Theorem (L.) Consider an intersection matrix
N = Diag(—c1, ..., —cn) + Ad(l"). Assume that ¢; > d; for
all i=1,...,n. Then N7! has no integer on its diagonal.
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Main question about N1

Problem. Let N be an p-suitable intersection matrix.
Suppose that its graph I is a tree with at least one node.
Suppose that N arises as an intersection matrix associated

with a Z/pZ-quotient singularity.
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Main question about N1

Problem. Let N be an p-suitable intersection matrix.
Suppose that its graph I is a tree with at least one node.
Suppose that N arises as an intersection matrix associated
with a Z/pZ-quotient singularity. Is it true then that N~*
always has at least one integer on its diagonal?
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Main question about N1

Problem. Let N be an p-suitable intersection matrix.
Suppose that its graph I is a tree with at least one node.
Suppose that N arises as an intersection matrix associated
with a Z/pZ-quotient singularity. Is it true then that N~*
always has at least one integer on its diagonal?

Motivation for considering this question is the following:

Theorem (L.), (Imprecise form) Wild quotient
singularities occurring when constructing regular models of
curves have this property, i.e., the intersection matrix N of
their resolution is such that N~! has at least one diagonal
coefficient which is an integer.
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Main question about N1

Problem. Let N be an p-suitable intersection matrix.
Suppose that its graph I is a tree with at least one node.
Suppose that N arises as an intersection matrix associated
with a Z/pZ-quotient singularity. Is it true then that N~*
always has at least one integer on its diagonal?

Motivation for considering this question is the following:

Theorem (L.), (Imprecise form) Wild quotient
singularities occurring when constructing regular models of
curves have this property, i.e., the intersection matrix N of
their resolution is such that N~! has at least one diagonal
coefficient which is an integer.

The set-up of models of curves is interesting as it produces examples of quotient singularities in both the
equicharacteristic case, and the mixed characteristic case. It also produces examples of singularities that

are not hypersurface singularities.
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Models of curves

K: complete discrete valuation field (possibly mixed char.)
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Models of curves

K: complete discrete valuation field (possibly mixed char.)

Ok: ring of integers.
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Models of curves

K: complete discrete valuation field (possibly mixed char.)
Ok: ring of integers.

k: residue field, assumed to be algebraically closed.
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Models of curves

K: complete discrete valuation field (possibly mixed char.)
Ok: ring of integers.
k: residue field, assumed to be algebraically closed.

X /K: a smooth proper geometrically connected curve of
genus g > 0. When g = 1, assume in addition that

X(K) # 0.
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Models of curves

K: complete discrete valuation field (possibly mixed char.)
Ok: ring of integers.

k: residue field, assumed to be algebraically closed.

X /K: a smooth proper geometrically connected curve of
genus g > 0. When g = 1, assume in addition that

X(K) #£ 0.

Assume that X /K does not have semi-stable reduction over

Ok, and that it achieves good reduction after a cyclic
extension L/K of degree p.
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Models of curves

K: complete discrete valuation field (possibly mixed char.)
Ok: ring of integers.
k: residue field, assumed to be algebraically closed.

X /K: a smooth proper geometrically connected curve of
genus g > 0. When g = 1, assume in addition that

X(K) #£ 0.

Assume that X /K does not have semi-stable reduction over
Ok, and that it achieves good reduction after a cyclic
extension L/K of degree p.

Y/Oy: the smooth model of X, /L.
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K: complete discrete valuation field (possibly mixed char.) Bl et
Ok: ring of integers.

k: residue field, assumed to be algebraically closed.

X /K: a smooth proper geometrically connected curve of
genus g > 0. When g = 1, assume in addition that

X(K) #£ 0.

Assume that X /K does not have semi-stable reduction over
Ok, and that it achieves good reduction after a cyclic
extension L/K of degree p.

Y/Oy: the smooth model of X, /L.

H: Galois group of L/K. Let o denote a generator of H. By
minimality of the model ), o defines an automorphism of Y
also denoted by o.
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K: complete discrete valuation field (possibly mixed char.) Bl et
Ok: ring of integers.

k: residue field, assumed to be algebraically closed.

X /K: a smooth proper geometrically connected curve of
genus g > 0. When g = 1, assume in addition that

X(K) #£ 0.

Assume that X /K does not have semi-stable reduction over
Ok, and that it achieves good reduction after a cyclic
extension L/K of degree p.

Y/Oy: the smooth model of X, /L.

H: Galois group of L/K. Let o denote a generator of H. By
minimality of the model ), o defines an automorphism of Y
also denoted by o.

Z/Ok: the quotient Y/H. The scheme Z/Ok is a normal
model of X/K.

Models of curves
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Quotient singularities of the normal model

The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the
smooth special fiber Yy /k, still denoted by o.
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Quotient singularities of the normal model

The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the
smooth special fiber Yy /k, still denoted by o.

Let «: Y — Z := Y/ (o) denote the quotient map.

Intersection
Matrices of Wild
Quotient
Singularities

Dino Lorenzini

Models of curves



Quotient singularities of the normal model

The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the

smooth special fiber Yy /k, still denoted by o.

Let «: Y — Z := Y/ (o) denote the quotient map.
The map « induces a natural map YV, — le“"d which factors

as follows:

Vi —L— Y/ (o) —— Zjed,
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Quotient singularities of the normal model

The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the
smooth special fiber Yy /k, still denoted by o.

Let «: Y — Z := Y/ (o) denote the quotient map.

The map « induces a natural map YV, — le“"d which factors
as follows:

Vi —L— Y/ (o) —— Zjed,

The map p is Galois of order |H|, and the second map is the
normalization map of Z,Ced.
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The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the
smooth special fiber Yy /k, still denoted by o.

Let «: Y — Z := Y/ (o) denote the quotient map.

The map « induces a natural map YV, — le“"d which factors
as follows:
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Vi —L— Y/ (o) —— Zped,

The map p is Galois of order |H|, and the second map is the
normalization map of Z[°9. Models of curves

Let Pi,..., P4, be the ramification points of the map
Vi — Vi/ (o). We assume d > 1.
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The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the
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Vi —L— Y/ (o) —— Zped,

The map p is Galois of order |H|, and the second map is the
normalization map of Z[°9. Models of curves

Let Pi,..., P4, be the ramification points of the map
Vi — Vi/ (o). We assume d > 1.

Let @1, ...,Qq be their images in Z.
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Quotient
Singularities

The model /O, of X, /L is smooth. The automorphism
o :Y — Y defines an automorphism of order p of the
smooth special fiber Yy /k, still denoted by o.

Let «: Y — Z := Y/ (o) denote the quotient map.
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The map « induces a natural map YV, — le“"d which factors
as follows:

Vi —L— Y/ (o) —— Zped,

The map p is Galois of order |H|, and the second map is the
normalization map of Z,Ced.

Models of curves

Let Pi,..., P4, be the ramification points of the map
Vi — Vi/ (o). We assume d > 1.

Let @1, ...,Qq be their images in Z.
The normal scheme Z is singular exactly at Q1, ..., Qq.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq)

X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq)
X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.

Co/k: strict transform in X’ of the irreducible subscheme
Zred of Z.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq)
X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.
Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq)

X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.

Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.

E(Q;): exceptional divisor in X’ of the resolution of Q;.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq)
X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.
Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.

E(Q;): exceptional divisor in X’ of the resolution of Q;.

D1, ..., Dg: irreducible components of X} that meet Cp.
Assume D; € E(Q;). The graph I'; of E(Q;) is marked by
D;.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq4)

X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.

Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.
E(Q;): exceptional divisor in X’ of the resolution of Q;.

D1, ..., Dg: irreducible components of X} that meet Cp.
Assume D; € E(Q;). The graph I'; of E(Q;) is marked by
D;.

ri: the multiplicity of D; in X/, i =1,....,d.
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Resolution of the quotient of a smooth model
X — Z: minimal desingularization of Z (at Q1,..., Qq4)

X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.

Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.
E(Q;): exceptional divisor in X’ of the resolution of Q;.
D1, ..., Dg: irreducible components of X} that meet Cp.
Assume D; € E(Q;). The graph I'; of E(Q;) is marked by
D;.

ri: the multiplicity of D; in X/, i =1,....,d.

Theorem (L.). Assume that char(k) = p = [L: K]. Then
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Resolution of the quotient of a smooth model
X — Z: minimal desingularization of Z (at Q1,..., Qq4)
X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.
Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.
E(Q;): exceptional divisor in X’ of the resolution of Q;.
D1, ..., Dg: irreducible components of X} that meet Cp.
Assume D; € E(Q;). The graph I'; of E(Q;) is marked by
D;.
ri: the multiplicity of D; in X/, i =1,....,d.

Theorem (L.). Assume that char(k) = p = [L: K]. Then
@ pdvidesr;, foralli=1,...,d.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq4)
X" — X blow-ups such that X has smooth components
and normal crossings, and is minimal with this property.
Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.

E(Q;): exceptional divisor in X’ of the resolution of Q;.

D1, ..., Dg: irreducible components of X} that meet Cp.

Assume D; € E(Q;). The graph I'; of E(Q;) is marked by

D;.

ri: the multiplicity of D; in X/, i =1,....,d.

Theorem (L.). Assume that char(k) = p = [L: K]. Then

@ pdvidesr;, foralli=1,...,d.

@ Let N; denote the intersection matrix associated with
E(Q:). Then the diagonal coefficient of N;*
corresponding to the vertex D; is an integer.
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Resolution of the quotient of a smooth model

X — Z: minimal desingularization of Z (at Q1,..., Qq4)
X’ — X blow-ups such that X} has smooth components
and normal crossings, and is minimal with this property.

Co/k: strict transform in X’ of the irreducible subscheme
zred of Z. The curve Co has multiplicity p in X”.

E(Q;): exceptional divisor in X’ of the resolution of Q;.
D1, ..., Dg: irreducible components of X,i that meet G.
Assume D; € E(Q;). The graph I'; of E(Q;) is marked by
D;.

ri: the multiplicity of D; in X/, i =1,....,d.

Theorem (L.). Assume that char(k) = p = [L: K]. Then

@ pdividesr;, foralli=1,...,d.

@ Let N; denote the intersection matrix associated with
E(Q:). Then the diagonal coefficient of N;*
corresponding to the vertex D; is an integer.

Recap: Does Property (b) hold for any Z/pZ-quotient

singularity when the graph has at least one node?
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X /K: elliptic curve with potentially good reduction after a Singularities
quadratic extension L/K.  V/O/: smooth model of X; /L. Dino Lorenzini
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o Yk — Vi is the elliptic involution [—1].

The case of elliptic
curves



Intersection

The case of elliptic curves Matrices of Wild

Quotient
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o Yk — Vi is the elliptic involution [—1].
e If char(k) # 2: o has four fixed points. The normal model
Z is singular at Q1, ..., Q4.
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The case of elliptic curves Matrices of Wild

Quotient
X /K: elliptic curve with potentially good reduction after a Singularities
quadratic extension L/K.  V/O/: smooth model of X; /L. Dino Lorenzini

o Yk — Vi is the elliptic involution [—1].
e If char(k) # 2: o has four fixed points. The normal model
Z is singular at Q1, ..., Q4.

(L.) If char(k) = 2 and Y is ordinary: o has two fixed
points. The normal model Z is singular at Q1, Q».
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The case of elliptic curves Matrices of Wild
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X /K: elliptic curve with potentially good reduction after a Singularities
quadratic extension L/K.  V/O/: smooth model of X; /L. Dino Lorenzini

o Yk — Vi is the elliptic involution [—1].

e If char(k) # 2: o has four fixed points. The normal model
Z is singular at Q1,..., Q4. The reduction type is I§. Four
Asz-singularities.

(L.) If char(k) = 2 and Y is ordinary: o has two fixed
points. The normal model Z is singular at Q1, Q>.
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quadratic extension L/K.  V/O/: smooth model of X; /L. Dino Lorenzini

o Yk — Vi is the elliptic involution [—1].

e If char(k) # 2: o has four fixed points. The normal model
Z is singular at Q1,..., Q4. The reduction type is I§. Four
Asz-singularities.

(L.) If char(k) = 2 and Y is ordinary: o has two fixed
points. The normal model Z is singular at Q1, Q>.
The reduction type is I}

am: M > 0. Two Dopo-singularities.
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X /K: elliptic curve with potentially good reduction after a Singularities
quadratic extension L/K.  V/O/: smooth model of X; /L. Dino Lorenzini

o Yk — Vi is the elliptic involution [—1].

e If char(k) # 2: o has four fixed points. The normal model
Z is singular at Q1,..., Q4. The reduction type is I§. Four
Asz-singularities.

(L.) If char(k) = 2 and Y is ordinary: o has two fixed
points. The normal model Z is singular at Q1, Q>.
The reduction type is I}

am: M > 0. Two Dopo-singularities.

The case of elliptic
curves
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In equicharacteristic, m can only be odd.



The case of elliptic curves Matrices of Wid

Quotient

X /K: elliptic curve with potentially good reduction after a Singularities
quadratic extension L/K.  V/O/: smooth model of X; /L. Dino Lorenzini
o Yk — Vi is the elliptic involution [—1].

e If char(k) # 2: o has four fixed points. The normal model

Z is singular at Q1,..., Q4. The reduction type is I§. Four
Asz-singularities.

(L.) If char(k) = 2 and Y is ordinary: o has two fixed
points. The normal model Z is singular at Q1, Q>.
The reduction type is I}

am: M > 0. Two Dopo-singularities.

The case of elliptic
curves

2m 2m
—N— Co —N—
.................. ..____O____....................

In equicharacteristic, m can only be odd. The ordinary case generalizes to any prime p.
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The potentially supersingular reduction case Matrices of Wild

Quotient
o If char(k) = 2 and Y is supersingular (and [L : K] = 2): Singularities
o has only one fixed point. The normal model Z is singular Dino Lorenzini
only at Q.

Theorem (Haiyang Wang.) The reduction types can only
be I;,,, m > 0,11, or IT*.

The case of elliptic
curves



The potentially supersingular reduction case
e If char(k) = 2 and Y is supersingular (and [L : K] = 2):
o has only one fixed point. The normal model Z is singular
only at Q.

Theorem (Haiyang Wang.) The reduction types can only
be I} _.m > 0,1, or IT*.

4m>

When the reduction type is I},,, m > 0, then the resolution
graph has three nodes

—_—— Go
................. ..____O
Q—I—Q .
| -3 | S ——
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The potentially supersingular reduction case
e If char(k) = 2 and Y is supersingular (and [L : K] = 2):
o has only one fixed point. The normal model Z is singular
only at Q.

Theorem (Haiyang Wang.) The reduction types can only
be I} _.m > 0,1, or IT*.

4m>

When the reduction type is I},,, m > 0, then the resolution
graph has three nodes

—_—— Go
................. @ ---0
’—I—Q .
| -3 | S ——
2s 2r

We must have r + s even. Maybe r = s always? t =07
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THANKS!

Merci!
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Example when p = 2

A 2-suitable matrix N of size n = 10 such that N~ does not

have any integer coefficient. Here |®y| =2 and —Z/2 is a
column of N71, and Z% = —2.
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Example when p = 2

A 2-suitable matrix N of size n = 10 such that N~ does not
have any integer coefficient. Here |®y| =2 and —Z/2 is a

column of N=1, and 72 = —2.
-5 -3
N ° ° °
-29 -3
—1233 —2366275
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Example When p = 2 Matrices of Wild

Quotient

A 2-suitable matrix N of size n = 10 such that N~! does not Singularities
have any integer coefficient. Here |®y| =2 and —Z/2 is a Dino Lorenzini
column of N71, and Z2 = —2.
-5 -3
N ° *——o
-29 -3
—1233 —2366275
536355 1577515
92475 2839527
7 ® ® ® 946509

Fun when p = 2

2175 ----0
2366273 1 2
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