TORSION AND EXCEPTIONAL UNITS
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ABSTRACT. Let E/Q be an elliptic curve which has everywhere semi-stable reduction. We
first prove that if E(Q)¢rs contains an element of order N > 3, then there exists a prime
p where E'/Q has split multiplicative reduction modulo p, thereby establishing a conjecture
of Agashe. We consider then generalizations over number fields inspired by this result. Fix
a degree d, and consider all number fields K of degree d. Fix a prime N > 2d + 1, and
consider all elliptic curves which have a K-rational torsion point of order N and such that
the Tamagawa number ¢(FE/K) is coprime to N. When d = 1,2, 3, we show that there exist
only finitely many degree d fields K and finitely many such elliptic curves E/K. Partial
results are also obtained for d = 4,5, and we conjecture that the statement holds when
d = 6,7. Fields K which support such elliptic curves are very structured, and we show in
particular that their Lenstra constant M (K) is bounded below by (N —1)/2 when N < 23.
We conjecture that this statement holds for any prime N.

KEYWORDS Elliptic curve, number field, torsion subgroup, Tamagawa number, exceptional
unit, Lenstra constant.
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1. INTRODUCTION

Let K be a number field, and let E/K be an elliptic curve. We investigate in this article
how the presence of a non-trivial torsion point in F(K) affects the reduction properties of
the curve /K.

When E/Q has everywhere semi-stable reduction, the number of primes where the reduc-
tion is split multiplicative is an important invariant considered already by several authors
(see, e.g., [45], Conjecture 4, [12] Theorem 3, or [69], Conjecture, page 30). Our first theorem
answers positively a conjecture of Agashe in [I], Conjecture 2.2.

Theorem 1.1. Let E/Q be an elliptic curve which has everywhere semi-stable reduction,
and assume that E(Q)ors contains an element of order N > 3. Then there exists a prime p
where E/Q has split multiplicative reduction modulo p.

The proof of Theorem|[I.1]is found in Section[2.5] We explain in Theorem [2.§ how Theorem
implies in fact a slightly stronger form of Agashe’s Conjecture. The difficult cases in the
above theorem are the cases where N = 3 and 4. The curve with Cremona label 37al
(resp. 102al, 210d2) is an example of a semi-stable elliptic curve with E(Q)sos trivial (resp.
isomorphic to Z/27, 7./27 x Z/2Z) and with no place of split multiplicative reduction.

It is not immediately clear that a non-trivial generalization of Theorem[I.1]to elliptic curves
over a number field K/Q of degree d > 1 can be found if we only replace in the statement of
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Theorem the hypothesis N > 3 with N > ¢(d) for some appropriate function g(d). We
discuss this point further in Remark To be able to formulate a statement for general
number fields K/Q inspired by Theorem [1.1] we recall the following terminology.

Let K, be any discrete valuation field with ring of integers Ok, , uniformizer m,, and
residue field k, of characteristic p > 0. Let E/K, be an elliptic curve. Let £/Of, denote
the Néron model of E/K,. The special fiber &, /k, of £ is the extension of a finite étale
group scheme ®/k,, called the group of components, by a connected smooth group scheme
5;8v/kv, the connected component of 0. The elliptic curve E/K, has multiplicative reduction
when S,SU/ k, is a torus, and split multiplicative reduction when this torus is isomorphic to
the multiplicative group Gy, x, /ky. The order ¢, := |®(k,)| is called the Tamagawa number
of B/K,.

Let us now return to the case where K is a global field, and let v be a non-archimedean
place of K, with completion K, and residue field k,. Let E//K be an elliptic curve. For each
place v, let ¢, denote the Tamagawa number of Ek, /K,, and let ¢ = ¢(E/K) :=[], ¢,.

Given a prime N > 5, we say that an elliptic curve E/K is N-special if

(a) E/K has a K-rational point of order N, and
(b) N does not divide ¢(F/K).

We note in our next lemma that any elliptic curve F/K having everywhere potentially
good reduction and a K-rational point of order N is N-special for any prime N > 5, and
that if an elliptic curve E/K is not N-special, then it has split multiplicative reduction at
some place v of K.

Lemma 1.2. Let K be a number field. Let E/K be an elliptic curve. Let N > 5 be prime.

(i) If N divides ¢(E/K), then E/K has split multiplicative reduction at some place v of
K.
(i) Assume that E/K has a K-rational point of order N. If j(E) € Ok, then E/K is
N-special.
Proof. (i) Let v be a place of K, and let k, denote an algebraic closure of k,. Recall the
following properties of the component group ®(k,). When the reduction is additive at v,
|®(k,)| < 4. When the reduction is multiplicative but not split, then |®(k,)| = 1 or 2,
depending on whether |®(k,)| is odd or even (see, e.g., [35], 10.2.24). Since we assume that
the prime N > 5 divides ¢(E/K), there must exist a place v of K where |®(k,)| > 5. The
reduction at such place v can only be of split multiplicative type, as desired.

(ii) If j(E) € Ok, then E/K has everywhere potentially good reduction. Thus at any
place v, the reduction is either good, or additive. In both cases, |®(k,)| < 4, and so N
cannot divide ¢,. O

The ratio e
of Birch and Swinnerton-Dyer (see, e.g, [18], F.4.1.6). It is natural to wonder what are the

possible denominators of this ratio. When K = Q, | Ef((g{g)‘ > 1/5, with equality only when

E = X;(11) ([41], 2.23). See also [76] for a related question in a wider context. By definition,

| g((f(/)i)‘ whose denominator is divisible by N.

appears in the leading term of the L-function of F/K in the conjecture

an N-special curve has a ratio
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Fix an integer d > 1. Our goal is to find conditions on N such that there exist only finitely
many N-special elliptic curves /K over only finitely many number fields K of degree d. The
argument in the proof of [46], Theorem 1.3 (i), shows that such finiteness can only possibly
happen in general when N > 1/2d + 1. As is customary, Q((,) denotes the n-th cyclotomic
field generated by a primitive n-th root of unity ¢,, and Q(¢,,)" denotes its maximal totally
real subfield.

Theorem. Let K/Q be a number field of degree d. Let N > 5 be prime. Let E/K be an
N -special elliptic curve.

(a) (seel2.1) Assume thatd =1 and N >5. Then N =5 and E/Q = X;(11)/Q.

(b) (see Assume that d =2 and N > 7. Then N =7 and E/K is one of four explicit
exceptions over the fields K = Q((5)™ and Q((3).

(c) (see Assume that d = 3 and N > 11. Then N = 13 and K = Q(¢;)*, and E/K
is unique, with j-invariant —28672/3. This curve is the base change to K of the curve
with Cremona label 14701.

Our results for the case d = 4 are stated below in Theorem [1.4l For the convenience of
the reader, we recall first the definition of the Lenstra constant of a number field K. A unit
u € Oy, is called exceptional if 1 — u is also a unit. The number ex(K) of exceptional units
in O is finite, and is bounded explicitly by 28+1 where r = r(K) is the rank of the unit
group O3 of Ok (see, e.g., [3], 1.1).

A sequence uq, ..., U, of elements in K such that all differences u; — u; with ¢ # j are
units in Oy is called an ezceptional sequence. We can always find such a sequence with
m = 2, taking u; = 0 and us = 1. When m > 2, we can find a new such sequence

v; = (u; — u1)/(ug —uy) with v, = 0 and vy = 1, and such that v; € O} when i > 2. The
sequence 0, 1, u is exceptional if and only if u is an exceptional unit.

The integer m maximal with the property that there exists an exceptional sequence
Ul ..., Uy, in K is called the Lenstra constant M(K) of K. Any exceptional sequence
0,1,us, ..., u, reduces to m distinct elements modulo any maximal ideal ¢ of Og. Thus,
m < 2K and, better, m < L(K), where L(K) denotes the minimum of the norms |Og /3|
over all maximal ideals B of O-.

1.3 We list in our next theorem the known quartic fields K where there exists at least one
N-special elliptic curve F/K with N > 11. The first column in the table lists all the N’s
for which such an elliptic curve exists over the field K. A notation of the form N(c) is used
to denote that exactly ¢ non-isomorphic N-special elliptic curves were found over that field.
These curves were obtained by running the algorithm described in [4.8]

When the j-invariant of the curve is short to write down, we provide it, as in the notation
13(j = 0). In the case of the four curves denoted by 11(4) in the table, exactly two of the
four have integral j-invariant, and are conjugated. They do not have complex multiplication.

Very few of the N-special curves found in this article have a label in the database [36]. We
note that the 17-special curve below over the totally real field K of discriminant 725 is the
curve https://www.lmfdb.org/EllipticCurve/4.4.725.1/16.1/a/1/in [36]. For N = 13,
see 25.1-a2. For N = 11, see 109.1-a2 and 109.4-al.


https://www.lmfdb.org/EllipticCurve/4.4.725.1/16.1/a/1

TORSION AND EXCEPTIONAL UNITS 4

A number field K of degree d and signature (ry,r3) with 71 + 2ro = d has unit rank
71419 — 1. The column 7(K) in the table gives the rank of the unit group Oj. The column
ex(K) gives the number of exceptional units in Oj.. The last column gives the discriminant
disc(K) of K. Its sign is given by (—1)".

Theorem 1.4. Let K/Q be a quartic number field. Let N > 11 be prime. Let E/K be an

N -special elliptic curve.

(a) Suppose that O}, has rank at most 2. Then K is one of only three different fields, listed
in the table below. The possible N’s are listed in the first column next to the defining
polynomial of the field.

N field K (degree 4) r(K) | ex(K) | M(K) | disc(K)
11(2),13G =0) |2t —2® =22 +2+1] 1 | 20 6 117
11(4) ot — 23+ 22 -1 2 54 9 —275
11(2) -z —1 > | 54 7 | —283

(b) Suppose that O3 has rank 3. Assume the conjecture that if F/Q is a quartic field, then
M(F) < 4 except for finitely many explicit exceptions (see . Then K s the following
field:

N field K (degree 4) r(K)|ex(K)| M(K) |disc(K)
11(2),13,17 | 2* —2® — 322 +z+1| 3 | 162 |100r 11| 725

The reader will note that in the tables above, the number of N-special elliptic curves E/K
when N = 11 is always even. This is a general fact proved in Proposition when K does
not contain Q(¢11)7.

The proof of Theorem is found in Section [6.5] A completely analogous statement to
Theorem [1.4] in the case of quintic fields can be found in Theorem [6.6] and Conjecture [6.7]
The proofs of Theorem and Theorem are based on the following intrinsic property
that a field K enjoys when there exists an N-special elliptic curve £/K.

Theorem (see 4.3). Let K/Q be a number field. Let 7 < N < 23 be a prime. Let E/K be
an N -special elliptic curve. Then M(K) > (N —1)/2.

We conjecture that the statement of Theorem holds for any prime N > 29. When
E/K has everywhere potentially good reduction, this statement was proved by Mestre (48],
Théoreme 1). When N = 11, the lower bound can be slightly improved, and we show in
Theorem [4.3] (ii) that in this case M (K) > 6.

Theorem [4.3| can be made completely explicit. Recall that the modular curve X;(N)/Q is
birational to a plane curve given by an equation Fy(r, s) = 0 called the raw form equation of
X1(N). Theorem {.3|shows that when N > 11, an N-special elliptic curve E//K corresponds
to a point (19, sg) on the plane curve Fy(r,s) = 0 where both ry and sy are exceptional
units in Oj. This suggests the following algorithm for finding all the N-special curves over
a given field K of low degree d. First, given d, Proposition [3.1] gives an explicit upper bound
for N. For each allowed N, find all the points (r, so) with Fx(rg, so) = 0, where both g
and s, are exceptional units in Oj.
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This algorithm works well for sextic and septic number fields, and we are able to check,
using the tables of such number fields in [22] (see [23]), that there are indeed surprisingly
few N-special elliptic curves with N > 17 over such fields. We conjecture the finiteness of
the number of N-special curves over such fields in and [7.7] The data obtained for fields
of degrees 8 through 12 is found in [42].

In view of Theorem to prove the finiteness of the number of N-special elliptic curves
E/K over all fields of degree d when N > 2d+ 1, it would suffice to show that there are only
finitely many fields of degree d with M (K) > d+ 1. This statement is true for d = 2,3. The
available data supports conjecturing that this statement is true when d = 4 or 5 (see and
. The proofs of Theorem in degree 4 and of Theorem in degree 5 use results of
Leutbecher and Martinet on the Lenstra constant M (K) when the unit rank is at most 2.
This article concludes in Section |8 with a discussion of N-special abelian varieties of higher
dimension.

2. ELLIPTIC CURVES OVER Q

Let E/Q be an elliptic curve with a Q-rational point of order N. Mazur [44] showed that
N=1,...,10, or 12.

Proposition 2.1. Let E/Q be an elliptic curve with a Q-rational point of order N.

(a) If N =17, then 7* divides c(E/Q), except for the curve 26b1 in [8], which has 7 dividing
c¢(E/Q) only once. In particular, E/Q is not N-special.

(b) If N =5, then 5 divides ¢(E/Q), except for the curve 11a3 in [8] which has split multi-
plicative reduction at p = 11 but has ¢11 = 1. In particular, E/Q is N-special only when
E = X;(11).

Proof. (a) Follows directly from [41], 2.10. Part (b) follows immediately from [41], 2.7,
after verifying that the curve 11a3 in [§] has split multiplicative reduction at p = 11 with
C11 = 1. O

Note that it follows from Proposition that if £//Q is an elliptic curve with integral j-
invariant, then it cannot have a Q-rational torsion point of order N = 5 or 7. This statement
was proved already in [I7], page 6.

2.2 For our next two propositions, we will use the following notation. Let K be any field.
Let E/K be an elliptic curve and P € E(K). We first translate so that P = (0,0) and E/K
can be given by an equation
y: + ayzy + asy = 2 + asx® + agr.
Then [—1]P = (0, —a3), and P has order 2 if and only if a3 = 0. When a3 # 0, we can make
the change of variables y =Y + a4z /a3 and assume that we have an equation of the form
y* + a1y 4 asy = 2° + a.x’.

Since [2]P = (—ag, ajas — a3), we find that P has order 3 if and only of ay = 0.
Assume that P has order 3, so that ay = 0. Then ¢; = a;(a3 —24a3) and A = a3(a3—27a3).
We find that either a; = 0, in which case the j-invariant of E is 0, or a; # 0, and we can
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renormalize so that the equation is
Y+ oy + Ay =a°

for some A € K.
Assume now that P does not have order 2 or 3. Then we can renormalize so that the
equation has the form

(2.1) Eb,c): 3+ (1 —c)ay — by = 2° — bx?

We have [-1]P = (0,b), [-2]P = (b,0), [2]P = (b,bc), and [3]P = (¢,b—¢). We find that P
has order 4 if and only if b # 0 and (0,b) = (¢,b — ¢) or, in other words, if ¢ = 0.

The Weierstrass equation for E(b, ¢) is called Kubert E(b, c)-normal form in [49], section
3, page 111, as its first appearance in print is found in [25], Table 3, page 217.

Proposition 2.3 (Case N=4). Let E/Q be an elliptic curve with a Q-rational point of
order N = 4. Assume that E/Q has semi-stable reduction. Then there exists at least one
prime ideal (p) where E/Q has split multiplicative reduction.

Proof. Let K be any field. It follows from the above discussion in[2.2]that there exists A\ € K
such that an elliptic curve E/K with a point of order N = 4 can be given by a Weierstrass
equation of the form

Ey: y*+aoy—y=a2>—\2?
with P = (0,0). The invariants of E) are:

AN = M(1+16)),
ca(A) = 16A2 4+ 16) + 1.

Let now K be a number field. Assume that there exists a prime P such that m :=
ordg(A) > 0. Then we immediately find from the computations of A and ¢, that the
reduction of £/K modulo P is of type Iy,. It is split because the reduction of the equation
modulo B clearly has two distinct tangent lines at the singular point (0, 0).

We are now reduced to consider only the case where p := 1/\ € Og. The statement
of the proposition may fail to hold when Q is replaced by a number field K with infinitely
many units. Indeed, when p € O}, we find that the curve E) has multiplicative reduction
at each prime B which contains the discriminant A*(1 + 16)), since one easily checks that
in this case ¢4 ¢ *P. It is possible to find examples where the reduction at all such B is not
split multiplicative. On the other hand, when K = Q, we need only consider ;4 = £1. When
1 = 1, we obtain the curve 17a4, with split multiplicative reduction at p = 17, and when
i = —1, we obtain the curve 15a8, with split multiplicative reduction at p = 5.

Let us return to the case where K is a general number field, and assume that there exists
a prime P such that m := ordyg(p) > 0. Let 7 denote a uniformizer of the local ring O g,
and write g = ur™, with u € Of 4. The Weierstrass equation E) is not integral at 3, but
the following equations are:

Ifm=2z: y? +urtzy — ulnty = 23 — ua?,
2

Ifm=22+1: ¢ +ur*toy —u?r* Ty = 2% — una?.

(2.2)
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The discriminant of the second equation is u’7%**7(un***1 + 16). We claim that the case
m = 2z+ 1 cannot happen when ‘B is coprime to 2. Indeed, the second equation is such that
over K (y/7), the change of variables X = mﬁ_Q and Y = yﬁ_g produces a new equation

V24 u/m XY —2Vm Y = X uX®

It is clear that since B is coprime to 2, reducing this equation modulo /7 produces a plane
curve with a node, so that the reduction is multiplicative. One checks with Tate’s algorithm
[70] that this curve has in fact reduction of type Iy, o. It follows that over K, the reduction
of the elliptic curve is either of type I5..1, or of type I for some n > 0. The former case is
not possible, since the discriminant of the Weierstrass equation over K is exactly divisible
by 72**7. It follows that when m is odd, the reduction at 3 is not semi-stable, and this case
cannot happen under our hypotheses.

Let now K = Q. Our previous discussion implies that we can assume that we are in one
of the following cases (a), (b), or (c).

Case (a): Fither p = £(2*u)?, with u > 1 odd and z > 0, or u = 2** with z > 0. In these
cases, 1 = 1% with v € Z, and the curve can be given by the integral Weierstrass equation

y? 4 vry — (£v)y = 23 — (£27).

Let p be an odd prime that divides u. If © < 0, we find by reducing the above equation
modulo p that the reduction is split multiplicative. Assume now that g = v > 0. The
discriminant of the equation y? + vy — vy = 2° — 2% is u(p + 16), with ¢4 = p? + 16y + 16.
Since the odd prime p divides u, we find that there exists at least one odd prime ¢ that
divides p + 16. In case u = 2%, we similarly find that there exists at least one odd prime
q that divides p + 16, unless p = 16. When p = 16, the curve is 32a4 and has additive
reduction at 2.

We claim that the reduction at ¢ is split. Indeed, since ¢ cannot divide ¢4, we first find
that the reduction at ¢ is multiplicative. Since P = (0,0) and [2](P) = (1,0) do not reduce
to the singular point modulo ¢, we find that the connected component of zero of the Néron
model contains a k-point of order 4. On the other hand, any odd prime ¢ dividing * + 16
is such that —1 is a square modulo ¢. Thus, ¢ = 1 (mod 4). It follows that the connected
component of zero has order |k| — 1 if it has a point of order 4, and thus the reduction must
be split.

Case (b): pu = —22* for some z > 0. We claim that the reduction of such a curve is split
multiplicative at 2 when z > 5. When z = 1 or 3, the curves are 24a4 and 24a3, and are
not semi-stable at 2. When z = 2, the equation does not define an elliptic curve, and when
z = 4, the curve is 15a7, and has split multiplicative reduction at 5 only.

Note that in this family of elliptic curves, there are examples where the curve has split
multiplicative reduction only at 2, such as the curve 42a4 when z = 5, and 204694 when
2z = 7. This happens every time 22*~% — 1 is divisible only by primes that are congruent to
3 modulo 4.

Let v = 2% with z > 5. We start with the equation y? — vay — vy = 23 + 22 and following
Tate’s algorithm [70], we make the change of variables y = Y + z, giving us a new equation
Y2+ (2—v)2Y —vY = 23+ vz? + va. This equation is not minimal, and we can now make
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the change of variable v = Y/8 and u = /4 to obtain the minimal equation at 2:
v? 4+ (1 —v/2uv — (v/8)v = u* + (v/4)2* + (v/16)x.

Since z > 5, we find that the reduction modulo 2 is v? +uv = u3, showing split multiplicative
reduction at 2, as desired.
Case (¢): p = 2**"y with u odd and z > 0. We claim that the reduction of such a curve
is not semi-stable at (2). We start by recalling that
- (16A2 + 161 +1)% (16 + 16 + p?)?
B = "—aas16ny)  ~ an+16)
An explicit computation of the valuation at (2) of the j-invariant of E shows that if ords () >
8, then E, has potentially multiplicative reduction at (2) since ords(j) < 0. In this case, we
apply Tate’s algorithm [70] starting with the equation at Second Branch 7) on page 50,
and find that the reduction at (2) is of type I} for some n > 0 and is thus not semi-stable.
When 0 < ordy(p) < 8, we find that ordy(j) > 0. In these cases where ords(j) > 0, the
reduction at (2) is potentially good, and we argue as follows to show that at (2) the reduction
cannot be good and thus is additive. Assume that the curve has good reduction at (2). The
curve contains a K-rational torsion point of order 4, and modulo 2, this point cannot be
contained in the kernel of the reduction. Thus the reduction modulo (2) is a curve with a
k-rational torsion point of order 2 and, hence, it is ordinary. Over Fy, only the curve with
j-invariant 0 is supersingular. Thus, we find that ordy(j(E))) = 0, a contradiction. O

Proposition 2.4 (Case N=3). Let E/Q be an elliptic curve with a Q-rational point of
order N = 3. Assume that E/Q has semi-stable reduction. Then there exists at least one
prime ideal (p) where E/Q has split multiplicative reduction.

Proof. Let K be any field. Let E/K be an elliptic curve /K with j-invariant not equal to
0 and with a point P of order 3. It follows from the discussion in that there exists A € K
such that E'/K can be given by a Weierstrass equation of the form

Ey: VP—azy—Iy=2a3
with P = (0,0). The invariants of E are:

AN = A(1-27)),
a(d) = 1-—24A

Let now K be a number field. Assume that there exists a prime P such that m := ordg(X) >
0. Then we immediately find from the computations of A and ¢4 that the reduction of E/K
modulo ‘B is of type I3,,. It is split because the reduction of the equation modulo P clearly
has two distinct tangent lines at the singular point (0, 0).

We are now reduced to consider only the case where p := 1/A € Ok. The Weierstrass
equation F), might not be integral, but the following one is:
(2.3) y? — pry — ply = o,
The new discriminant is p®(p — 27), with ¢y = p?(u — 24). The statement of the proposition
may fail to hold when Q is replaced by a number field K with infinitely many units. Indeed,
when p € Oy, we find that the curve E) has multiplicative reduction at each prime 3 which
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contains the discriminant p®(u — 27), since one easily checks that in this case ¢y ¢ 9. It is
possible to find examples where the reduction at all such B is not split multiplicative. On
the other hand, when K = Q, we need only consider y = +£1. When p = 1, we obtain the
curve 26a3, with split multiplicative reduction at p = 13, and when u = —1, we obtain the
curve 14a4, with split multiplicative reduction at p = 7.

Let us return to the case where K is a general number field and assume now that there
exists a prime P such that m := ordg(p) > 0. Let m denote a uniformizer of the local ring
Ok g, and write g = ur™, with u € Oj; . We claim that if m is not divisible by 3, then the
reduction modulo 7 is not semi-stable, and thus we need not consider this case any further.
More precisely, it follows from Tate’s Algorithm [70] that when m = 1 (mod 3), then the
reduction is of type IV, and when m = 2 (mod 3), then the reduction is of type IV*.

To prove this, write m = 3s 4+ ¢, with ¢« = 0,1, or 2, and s > 0. In general, the equation
(2.3)) is not minimal, and we can make the following change of variables: Y := y/7% and
X :=z/7%. The new equation is still integral, and has the form

(2.4) Y? —urTXY —?r?Y = X3,

When ¢ = 2, the above equation is still not minimal, and we make the further change of
variables Y’ := Y/7% and X' := X/7? to get

(25) Y/2 o uﬂ_SJrilelyl o 'LL27T27:73Y/ _ X/3.

When i = 1, the equation (2.4)) is minimal and Tate’s algorithm [70] shows that the reduction
is of type IV. When ¢ = 2, the equation is minimal and Tate’s algorithm shows that
the reduction is of type IV*.

Let us assume now that K = Q. We are reduced to consider the case where u = 3 for
some t € Z. The curve y? — pxy — p?y = 2° can be given by the equation y? — toy —y = 23,
with discriminant (¢3 — 27), and ¢4 = ¢(¢3 — 24). Let 7 be a prime that divides (¢3 — 27). If
7 also divides ¢4, then 7 divides 3t. It follows in this case that 7 = 3. Thus, unless 7 = 3,
we find that £/Q has multiplicative reduction at 7.

Suppose that there exists a prime 7 # 3 which divides ¢* + 3t + 9 = (¢3 — 27)/(t — 3).
We claim that in this case the reduction at 7 is split multiplicative. Indeed, in the residue
field F,, we find that we have a non-trivial third root of unity, since the class of 7/3 satisfies
the equation 22 + z + 1. It follows that 3 divides 7 — 1. Now consider the reduction of the
3-torsion point (0,0) modulo 7. The reduced Weiestrass equation shows that the reduction
of (0,0) is not singular. Thus the point (0,0) reduces to a point of order 3 in the connected
component of the Néron model. The set of F -rational points of the connected component
has order 7 — 1 in the split case, and 7 + 1 in the non-split case. Since 3 divides 7 — 1, we
find that the connected component of the Néron model cannot have order 7 + 1. In other
words, the connected component of the Néron model must be G,,/F,, as claimed.

When K = Q, and = t* € Z, we leave it to the reader to check that the solutions to
the equation t? 4+ 3t + 9 = £+3° with t € Z and s € Zsq, are (t,s) = (0,2), (3,3),(—3,2), and
(—6,3). The case where ¢ = 3 does not correspond to an elliptic curve. The cases t = 0,
t = —3, and t = —6 produce the elliptic curves 27a3, 54a3, and 27a4, respectively, with
additive reduction at p = 3. Thus when the reduction of E/Q is everywhere semi-stable as
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we assume, we always find a prime of split multiplicative reduction among the divisors of
2 +3t+9. O

2.5 Proof of Theorem[I.1]. When N = 3 or 4, Theorem [L.1] follows directly from [2.4] and [2.3]
When N =5 or 7, Theorem follows from [2.1] using Lemma (i). Finally, if N > 7 is
prime, and E/Q does not have a place of split multiplicative reduction, then Lemma (i)
shows that F/Q is N-special. This contradicts Proposition . O]

Before we give the proof of Agashe’s Conjecture in Theorem [2.8], we briefly consider the
elliptic curves over QQ which have a Q-rational point of order N = 2 and prime conductor
p. When p # 2,3,17, such curves are studied in [66], Thm. 2. Such a curve exists if and
only if p = A? + 64 for some integer A. When p is of that form and we choose A = 1
(mod 4), exactly two such elliptic curves F/Q and E’'/Q exist, with F having equation
y* = 23+ Az? — 16z, and E' is isomorphic to £/((0,0)), with equation y* = 2% — 2A2% + px.
As a complement to Theorem [1.1, we note:

Proposition 2.6. Let E/Q be an elliptic curve with a Q-rational point of order N = 2 and
prime conductor p. Then E has split multiplicative reduction at p.

Proof. We use the modularity of elliptic curves over QQ to find that there are no such curves
with conductor 2 or 3, and exactly four curves of conductor 17. One checks directly that for
these curves, the reduction is split at p = 17. When p # 2,3 and 17, we apply the results of
[66] recalled above. When p = A? + 64, it is clear that p = 1 (mod 8), and the proposition
follows then from Lemma [2.7] (b) for the equation y*> = x3 + Ax? — 16z. For the equation
y?* = 23 — 2A2? + px, one can check directly that —2A is a square in Z/pZ, showing that the
reduction is split. [l

Lemma 2.7. Let K be any number field, and let A € Ok and u € Oj.. Consider the elliptic
curve E/K with equation y* = 23 + Ax? + 16ux. Let B denote a prime ideal of Ok which
divides A? — 64u and is coprime to (2). Write |Ok /B| = p’. Then E/K has multiplicative
reduction at 3. Moreover,

(a) If u =1, then the reduction is split multiplicative at B if p/ =1 (mod 4).

(b) If u = —1, then the reduction is split multiplicative at B if and only if p/ =1 (mod 8).
Proof. Working in Of,,, we can make the change of variables X = z + A/2, and reducing
modulo 9B, we find an equation of the form 3> = X® — A/2X2. Note that 9 is coprime to
(A). Hence, the reduction is multiplicative, and it is split multiplicative if and only if —A/2
is a square in Ok /B.

(a) When P divides A% — 64, it must divide either A — 8 or A + 8. Therefore, either
—(A/2) = 2%, or —(A/2) = —2% modulo B. In the latter case, when p/ = 1 (mod 4), then
—1is a square in Ok /9 and in that case also, —A/2 is a square in Ok /B, as desired.

(b) We always have (A/2)? = 16u mod B. When u = —1, then —A/2 = ¢* implies that
(A/2)* = ¢* = —16. Tt follows that the equation z* = —1 has a root in O /%8 and, thus, 8
divides p/ — 1. Assume now that 8 divides p/ — 1, and let d be such that d* = —1. Then we
find that —A/2 = (2d)? or (2d%). O
Theorem 2.8. Agashe’s Conjecture 2.2 in [1] is true, even without the hypothesis that E/Q
be optimal.
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Proof. Agashe’s Conjecture 2.2 in [I] is phrased in terms of root numbers as follows:

Let E/Q be an optimal elliptic curve with squarefree conductor. Assume that the odd part
of E(Q)iors is not trivial. Then the root number w, at p equals —1 for at least one prime p
that divides the conductor of E.

Let K be a number field, and let v denote a place of K. Recall that when Ef, /K, has
semi-stable reduction and v is non-archimedean, w, = 1 if the reduction is good or the torus
&P [k, is not split, and w, = —1 when & /k, is split (see, e.g., [L1], Thm 3.1).

The hypothesis that F/Q be optimal is not needed to apply Theorem . The hypothesis
that F'/Q has squarefree conductor is equivalent to the fact that £/Q has everywhere semi-
stable reduction. Thus Theorem implies that there exists a prime p where E/Q has split
multiplicative reduction modulo p, i.e., that there exists a prime p with w, = —1. O

3. ELLIPTIC CURVES OVER QUADRATIC FIELDS

Let N be prime. The condition that an elliptic curve E/K is N-special implies an upper
bound for N in terms of d := [K : Q], as we now explain.

Proposition 3.1. Let N > 5 be prime. Let K/Q be a number field of degree d. Let E/K
be an N-special elliptic curve. Then N < 2% 4+ 1 + 2v/24.

In particular, when d =1, N <5, whend =2, N <7, when d =3, N < 13, and when
d=4, N <17. Ifd=5, then N <19, or N =31 or4l. If N =23, then d > 7.

Proof. When N > 5, the reduction of F/K cannot be additive at any prime P of O above
a prime p, except possibly when p = N. Indeed, the component group in the presence
of additive reduction has order bounded by 4. Since a torsion point of order prime to p
reduces injectively in the special fiber of the Néron model, and since an additive group
in characteristic p contains only torsion points of order p, we find that if the reduction is
additive, we must have p = N.

When N does not divide ¢(E/K), the point of order N > 5 cannot reduce injectively in the
component group at any place of bad reduction. Thus the order of the group of ky-rational
points on the connected component of the Néron model must be divisible by N. In case of
multiplicative reduction, we find that N < |kg| + 1, and in the case of good reduction, we
can use the Weil bound N < |kg| 4+ 14 24/|kgp|. Thus, when N does not divide ¢(£/K) and
N > 5, we can apply this discussion with p = 2 and we find that N < 2741 + 2v/24.

Assume now that d = 4. We have N < 2¢ + 1 + 2¢/2d = 25, and thus we need to show
that the cases N = 19 or N = 23 cannot occur. If the reduction is multiplicative at any
prime above (2), the bound N < 17 holds. Assume then that there exists a unique maximal
ideal P above (2) with residue field of size ¢ := 2*. An elliptic curve &, /F, cannot have an
[F,-rational point of order 19 or 23. This follows immediately from the list of possible orders
for |&r, (Fy)| given in [75], Theorem 4.1. Indeed, the order of |, (IFq)| can only be an integer
in the interval [9, 25] of the form 17 4+ a with either a odd, or a = 0, £4, +8.

When N = 23 and d = 5,6 we argue in the same way. First we can check that there
exists a unique maximal ideal 3 above (2) with residue field of size ¢ := 2¢. An elliptic
curve &, /IF, cannot have an [ -rational point of order 23. Indeed, when d = 5, the order of
|&r, (IFg)| can only be an integer in the interval [22,44] of the form 33 + a with either a odd,
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or a = 0,48. Thus the order of the group cannot equal 23 (and for later use, we note that
it cannot be equal to 37 or 43 either, but it might equal 17 or 19). When d = 6, the order of
&, (IFy)| can only be an integer in the interval [49, 81] of the form 65 + a with either a odd,
or a = 0,£8,+16. Thus the order of the group cannot equal 69 and N cannot equal 23.
Note that N could a priori equal 29,31,37, and 73, and as we show in Remark [7.2] N = 37
does occur when d = 6. We also show in [Z.§] that N = 23 occurs when d = 7.

Finally, assume that d = 5. It might be possible in this case to have N = 31 when (2) is
prime in Ok and the reduction is split multiplicative at (2). When the reduction at (2) is
good, we already showed that N = 23 is not possible and noted at the same time that the
same argument also shows that N # 37,43. 0

Remark 3.2 Let E/K be an elliptic curve with a K-rational point of order N. When
[K : Q] = 3, Parent proved that the possible prime values of N are 2,3,5,7,11, and 13
([60], [61]). The same statement follows directly from Proposition [3.1| under the additional
hypothesis that £/K be N-special. When [K : Q] = 4, it is expected that a K-rational
torsion point of order NV can exist only if N < 17, even when the curve is not N-special.

Theorem 3.3. Let N > 7 be prime. Let K be a quadratic number field, and let E/K be
an N-special elliptic curve. Then N =7, and there exist only four N-special elliptic curves,
two conjugated curves over K = Q(/5), and two conjugated curves with potentially good

reduction over K = Q(+/—3).

Proof. That N < 7 follows immediately from Proposition [3.1} The determination of the
N-special curves follows immediately from [41], 2.10 (b) and (c), after listing all exceptions
over the two quadratic fields with exceptional units. Example gives the complete list of
N-special curves over quadratic fields. ([l

Example 3.4 (N = 7.) We list in this example the four N-special elliptic curves £/ K when
K is a quadratic field. Let K = Q(v/5) and let u := (1 ++/5)/2. Consider the elliptic curve
E/K given by
y? —uy = 2® — ux’.

Then (0,0) is a K-rational point of order 7. The curve £//K has prime conductor B, one of
the two primes of norm 41, and non-split multiplicative reduction of type I at 3. This curve
is found at https://www.1lmfdb.org/EllipticCurve/2.2.5.1/41.1/a/1. The conjugated
elliptic curve has the same properties. Since these curves have different conductors, they
cannot be isomorphic.

Let K = Q(v/=3) and let g := (14 v/=3)/2. Consider the elliptic curve E/K with j =0
given by

v 4+ gy = 2° + (g + 1)2” + gu.

Then (0,0) is a K-rational point of order 7. The curve F/K has additive reduction of type
IT at one of the primes above 7. The conjugated elliptic curve has the same properties. See
https://www.lmfdb.org/EllipticCurve/2.0.3.1/49.1/CMa/1.

Remark 3.5 It follows from Theorem that if £//K is an elliptic curve over a quadratic
field with integral j-invariant, then it cannot have a K-rational torsion point of prime order
N > 7 except when K = Q(¢3) and N = 7. This statement was proved already in [49],


https://www.lmfdb.org/EllipticCurve/2.2.5.1/41.1/a/1
https://www.lmfdb.org/EllipticCurve/2.0.3.1/49.1/CMa/1
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Theorem 4 and Table 10. The same authors show that there are only finitely many quadratic
fields K each with finitely many elliptic curves E/K with integral j-invariant and a K-
rational point of order 5 ([49], Corollaries 1 and 2, and Table 8). When ‘integral j-invariant’
is replaced by ‘E/K is 5-special’; the corresponding result is likely to not hold for real
quadratic fields (see [41], Remark 2.8).

4. EXCEPTIONAL UNITS

Let Fy(r,s) € Z[r, s] denote the raw form equatiorf]of X1(N)/Q, as in [67], section 2. A
list of explicit formulas for Fy(r, s) is given in [68] for N < 101.

Example 4.1 The size of the polynomial Fy(r,s) grows rapidly with N. We list below
Fy(r,s) for N € [3,13].

Fg = T, F4:S, F5:7’—1, F6:S—1,F7:T—S

Fe = rs—2r+1

Fyp = r—s’+s-1

Fiop = rs®—3rs+1r+s?

Fiiu = r?—rs?+3rs>?—4rs+s

Fio = rm?s—3r+rs+3r—s>—1

Fizs = 1 —r2s* 451283 — 91282 4+ 4r?s — 22 —rs® +6rs> —3rs+1r — s°

Let us consider again the E(b, ¢)-normal form (2.1)) and set b := rs(r—1) and ¢ := s(r—1),
to obtain a Weierstrass equation with coefficients in the polynomial ring Z[r, s

E(r,s): v*+ (1 —s(r—1)zy —rs(r — Dby = 2° — rs(r — 1)z%

This equation defines an elliptic curve over the field of fractions of Z[r, s|, with the obvious
point P := (0,0). Let [n](P) := (X,(r,s), Yn(r,s)), where [n] is the multiplication-by-n map
on the elliptic curve. The rational function

Ty = xn(r,8) 1= X, (r,5)/b

can be computed using Magma and is listed in the first column of the table below for
n = 3,...,11. Since P = (0,0), we have x; := 0. As seen in 2.2} [2](P) = (b,bc) and
[3](P) = (¢,b—c), so that x9 :=1 and 3 := 1/r.

4.2 When i > j, the (4, j)-entry in our next table is the factorization in Q(r, s) of the rational
fraction (—1)?~!(x; — ;) in terms of the polynomials F3, Iy, ..., Fiy;. Since when j =1 we
have x; := 0, the first column gives z; = (—=1)7~!(z; — x;) for i > 3.

8The terminology raw form might have first been used in [64]. The terminology exceptional unit was
coined in 1969 by Nagell in [55], section 1. He might be the first author to relate the existence of K-rational
torsion points on some elliptic curve E/K to the existence of exceptional units in K (see, e.g., [52], Théoréme
I and II). Nagell’s interest in exceptional units dates back to at least 1928 (see, e.g., [50], Hilfsatz IV, page
17). In 1975, the authors of [26] on page 72 proposed the name Fermat ring to denote a ring which contains
an exceptional unit.
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1 2 3 4 5 6 7 8 9 10
1 _1 Fs
3 F3 — r F3 0
1 _1 Fe Fr
4 Fi s Fi sy 0
5 Is Ir Iy o 0
F5 F5 F3F5 F4F5
6 Fr FyFy Fy Fio F1 0
FyF2 FyF2 FFZ | FaFuFZ | FsF5F2
7 FsFy F5Fy F5Fig Fiy FgFia Fis3 0
F72 F72 F3F72 F4F72 F5F72 F3F62F72
8 F7Fy FsFsFio F5Fhy FoFig Fi3 FrFi4 FsF15 0
FyF2 FyF2 F3FyF2 FyF2 FyF5F2 | F3F4F2F2 | FuF2F2
9 FsFig FrFhy FgFi2 Fi3 F7Fhg Fis FgFie Fi7 0
FyF2 FyF2 FFZ | FyFuFZ | FoF5F2 | FRF2F2 | FoF2F2 | FyFiF2F2
10 FoFyy FyFgFgF1o Fr g FoFrlFg Fis5 FyFsFie Fi7 FgFolhg Fig 0
F5F120 F5F120 F3F5F120 F4F5F120 F5F120 F3F5F62F120 F5F72F120 F4F5F§F120 F3F5F92FIQ0
11 FeFi9F12 Folys FrEgFy FrFys FeF3Fig Fi7 Felyglg Fig F10F39 FrFyy
F121 F121 F3F121 F4F121 F5F121 F3F62F121 F72F121 F4F82F121 F3F92F121 F5F120F121

We can now state the main theorem of this section. The definitions of an exceptional
sequence and of the Lenstra constant M (K) were recalled in the Introduction. Note that if

0,1,us,...,u, is an exceptional sequence, then so is 0, 1, ugl, ce U

-1
n -

Theorem 4.3. Let K be a number field. Let N > 7 be a prime. Let E/K be an N-special
elliptic curve, with a K-rational point P of order N. Let (ro,50) € K? be the point with
Fn(ro,s0) = 0 corresponding to the pair (E/K, P).

(i) If N =7, then ry is an exceptional unit.

(ii) If N = 11, then 0,1,7ry", 55", o=
ticular, M(K) > 6.
(iii) If 13 < N < 23, then 0,1,75", 55", 2=, 26(r0, 50), - -

ro—1
0 7 7rp—17 rp(s9—1)°

N-1

sequence in Of. In particular, M(K) > ~7.

(iv) If23 < N <101, then M(K) > 11.

s an exceptional sequence in O.

In par-

7.TN2—1(T0,SO), is an exceptional

4.4 We conjecture that Part (iii) of Theorem holds for any prime N > 13. The proof of
Theorem is based on the following (conjectural in general) properties of the polynomials
Fn(r,s) and of the rational functions z3(r, s),. .. ,x%(r, s).

and let d, = d,(N) denote its degree in r. Write this polynomial as

Fn(r,s) = gdr(s)rd"" + gdr_l(s)rd”_l + -+ gi1(s)r + go(s).

Then gq4,(s) = 1, and go(s) = £s for some integer a = a(N) > 0.

(1) Let N > 7 be prime. Consider F(r,s) as a polynomial in r with coefficients in Z[s]
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(2) Let N > 11 be prime. Consider Fy(r,s) as a polynomial in s with coefficients in
Z[r], and let ds = ds(IN) denote its degree in s. Write this polynomial as

Fn(r,s) = fa,(r)s% 4 fa_1(r)s® ™+ -+ fo(r).

Then fy,(r) = £r® for some integer b = b(N) > 0.

(3) For each i > 3 and 1 < j < ¢, the rational function z; — x; can be expressed in terms
of the polynomials F3, ..., Fii; only. In other words, the only irreducible polynomials
in Z[r, s| that can divide either the numerator or the denominator of z; — x; written
in reduced form are, up to sign, the polynomials F3, ..., F;, ;. Table verifies this
claim up to ¢ = 11.

We conjecture that these properties always hold when N is prime. Properties (1) and (2)
can be checked for N < 101 by inspection of the formulas given in [68]. Conjectural formulas
for d,(N), ds(N), a(N), and b(N), are given in when N is prime. We further discuss
these conjectures and possible proof in [£.15] after we give the proof of Theorem

4.5 Proof of Theorem[{.5 Let (ro,so) € K? with Fy(rg,so) = 0 corresponding to the given
elliptic curve £/ K with a K-rational point P of order N. In particular, (rg, sq) # (0,0), (1,1)
and (1,0). Then E/K is isomorphic to the elliptic curve E(b, ¢) given in Weierstrass equation
by

y? 4+ (1 — )y — by = 2° — ba?

where b = r9so(rg — 1) and ¢ = s¢(r9 — 1). The above isomorphism sends the point P to the
point P := (0,0) in E(b, c).

For N prime with 7 < N < 101 as in the theorem, we start by proving the following four
claims:

(a) Let P denote a prime ideal of Ok such that ordy(sp) > 0. Then ordg(rg) > 0, and E/K
has reduction modulo B of split multiplicative type I, with m divisible by N.

(b) Let P denote a prime ideal of Ok such that ordy(sg) < 0. Then ordy(rg) # 0 and E/K
has reduction modulo B of split multiplicative type I, with m divisible by N.

(c) If s is a unit in Ok, then so is 7.

(d) Assume that ry and so are both units in Og. Let 8 denote a prime ideal of Ok such
that ordg(rg — 1) > 0. Then E/K has reduction modulo B of split multiplicative type
1,,, with m divisible by N.

Assuming that (a) and (b) hold and that N does not divide ¢(E/K), we find that s is a unit.
From (c), it follows that 7y is also a unit. Claim (d) then shows that ry is an exceptional
unit.

Proof of (a): Let P denote a maximal ideal of Ok such that ordy(sp) > 0. As usual,
Ok.p denotes the localization of Ok at B, so that sy € Ok . When Fiy(r, s) is written as a
polynomial in r with coefficients in Z[s], it is monic in r (4.4 (1)). Therefore, if 59 € Oy,
then so does r(. It follows that the equation E(b,c) has coefficients in Ok . Reducing this
equation modulo B, we find the equation y? + xy = 23, which shows that the reduction
is split multiplicative since the singular point (0,0) has distinct tangent lines over Ok /P.
Moreover, the point Fy reduces to the singular point in reduction. This implies when N is
prime that the point P, reduces to a point of order N in the group of components of the
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special fiber of the Néron model of E(b, c) at 3. Hence, the reduction is of type I, for some
m divisible by N.

Proof of (b): Assume that there exists a maximal ideal P of Ok such that ordy(sg) < 0.
When N = 7, we have 1y = s¢, and so ordg(rg) < 0. When N > 11, the highest power
of s in Fy(r,s) as a polynomial in s appears in exactly one monomial 7's’ (2)). This
shows that when ordg(sg) < 0, then ordy(rg) # 0. Let m denote a uniformizer of O . Let
v := —ordg(sp). We consider now two separate cases.

Assume first that —u := ordyp(rg) < 0. The Weierstrass equation for E/K given by the
coefficients [1 — ¢, —b, —b,0, 0] is not integral since b = roso(ro — 1) and ¢ = so(rg — 1), but
the following coefficients define an integral equation for F/K:

[T (1 — ¢), a2, —rtp 0,0).

Moreover, it is easy to check that ordy(72“™2vb) > 0, while ordy (7*¥(1 —c¢)) = 0. The latter
fact uses explicitly that « > 0, and is the key to the reduction then being is of type I, for
some m divisible by N.

Assume now that ordg(rg) > 0. The equation for E/K given by [1 — ¢, —b, —b,0, 0] is not
integral, but the following equation is an integral equation for F/K:

[7(1 — ¢), —7*b, ="}, 0, 0].

Moreover, it is easy to check that ordy(7**b) > 0, while ordg(7(1 — ¢)) = 0. Again, the
latter fact uses explicitly that ordyg(ro) > 0, and is the key to the reduction then being split
multiplicative of type I, for some m divisible by N.

Proof of (¢): For N as in the theorem, when Fy(r, s) is written as a polynomial in r with
coefficients in Z[s], its constant term is a power of s (4.4] (1)). It follows immediately that
when sq is a unit in O, then so is ry.

Proof of (d): When both ¢ and sy are units and there exists a maximal ideal 3 of Ok such
that ordy(ro — 1) > 0, then the equation E(b, ¢) is integral at 9P and reduces to y? + zy =
modulo B. Again, the reduction is of split multiplicative type I, with N dividing m.

4.6 We have now proved that if N does not divide ¢(E/K), then 0,1, 7 is an exceptional

sequence, and sg is a unit. In particular, Part (i) where N = 7 is proved. We now assume

that N > 11, and proceed with the proof that the sequence 0, 1, z3(rg, So), - - ., £ n-1(T0, So) 18
2

exceptional when N < 23, and that the sequence 0, 1, z3(r¢, So), - - -, Z11(70, So) is exceptional
when 23 < N < 101. These two statements completely prove Parts (ii), (iii), and (iv), of the
theorem, except when N = 11 in Part (ii), since the statements prove only that M(K) > 5
in this case. The proof of Part (ii) is completed by applying Proposition [5.5]
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For our next lemma, we need the following explicit factorizations of the rational functions
Zn(r, s) when n =12,...,21.

T12 T13 T14 T15 T16 T17
Fy11Fy3 FoFrFioF14 Fi3F15 FrFsF14F6 Fi5Fi7 FoFgFyFi6Fis
F3F4F62F122 F123 F72F124 F3F5F125 F4F82F126 F127
T18 T19 L20 T21 T22 Z23
Fi7F9 FeFgFoF18Fs0 FrFy9Fyy FioF11 FagFoy | FrEo 1 Fag | FelgFhiFiaFhoFay
F3F62F92F128 F129 F4F5F120F220 F3F72F221 F121F222 F223

It follows from this table and from the table in |4.2| that for each integer m € [6,23], the
polynomial F,,(r, s) does not appear in the factorization of x,(r,s) for n € [3,m — 2], and
F,.(r,s) divides the numerator of x,,_(r, s).

Lemma 4.7. Let K be a number field. Let N > 7 be a prime. Let E/K be an elliptic curve,
with a K-rational point P of order N. Let (rq,80) € K? be the point with Fy(rg,so) = 0
corresponding to the pair (E/K,P). When 1y is an exceptional unit and so is a unit, then
Fo.(ro,50) € O for allm =3,...,min(22, N — 1).

Proof of the lemma. Since ry and sg are in Ok, so are b = 19so(ro — 1) and ¢ = s¢(rg — 1).
Since we assume that rg is an exceptional unit and that sqg is a unit, we find that b and ¢
are in fact units.

Let P be any maximal ideal of Og. Let O g denote the localization of O at . Consider
the projective scheme X' — Spec O g defined as the projective closure in ]P%K(S of the plane

curve FE(b,c) C P%. The scheme X is obtained as the closed subscheme of IP%;W defined by
the homogenization

v’z + (1 — c)zyz — byz* — (2° — baz?) € Ol y, 2]

of the equation of E(b, c¢). The generic fiber of X' /Oy is the curve E(b,c)/K. The scheme
X /Ok sy is either smooth, or & has a single singular point @), located on its special fiber.
The torsion point Py = (0,0) € E(b, c)(K) reduces to the point Py = (0,0) on the special
fiber, and the key to our argument is that when ry is an exceptional unit and s is a unit, b
is a unit, and thus Py = (0,0) is a regular point of the special fiber.

Let X*™ /Oy denote either the scheme X /Ok g if the latter is smooth, or the scheme
X'/Ok.q with X' := X\ {Q}, if X has a singular point. Then X*" /O gy is always smooth.
It is well-known that when the Weierstrass equation y?+ (1 —c)zy — by = x> — bz? is minimal
(with respect to the discrete valuation ring Ok ), then the scheme X*™/Ok g is a group
scheme, isomorphic to “the connected component of the identity” subgroup scheme A°/Ok g
of the Néron model A/Of g of the elliptic curve E(b, ¢)/K. The group law on E(b, ¢) can be
succinctly summarized by ‘three points on a line add to the identity’. This geometric feature
allows one to prove that the scheme A*™ /Oy is a group scheme even when the defining
equation is not minimal.
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The following conditions are then satisfied: The point F, is of prime order N, and reduces
to the point Py, which is not the identity on the special fiber of the group scheme X*™/ Ok sp-
Hence, the point P, has order N in the special ﬁber.

We proceed now by induction on m. Clearly, F3 = rq, Fy = s, and F5 = rqg — 1 are all
units in O . Assume by induction hypothesis that Fj(ro, So), - - ., Fim—1(r0, So) are all units
in O . Consider the expression w,,_1(7o, So). The formulas in the table above and our
induction hypothesis show that z,,_;(r0, o) is, up to a unit in O, equal to F,,(ro, o).
If F,,(ro,50) is in the maximal ideal of Ok g, then in the special fiber of the group scheme
X Ok o, we have [m — 1)(Py) = Py = (0,0) or [m —1](P) = =P = (0,b mod *B). Hence
P, has then order m — 2 or m. This is a contradiction with the fact that the order of P, is
N, because m — 2 and m are coprime to N when 3 < m < N. Hence, F},,(ro, so) ¢ B for all
m = 3,...,min(22, N — 1). Since this statement is true for all maximal ideals 3, the lemma
is true. O

Suppose now that 11 < N < 101 and let us complete the prooff] of Theorem [4.3] We
know that 7o is an exceptional unit and sq is a unit. We can therefore use Lemma [£.7], and
Part (3) of [4.4] to conclude that 0,1, z3(r9, So), - - -, Tm (70, So) is an exceptional sequence in
Og for any m < min(11, (N —1)/2). O

Remark 4.8 Given a number field K and a prime N > 11, Theorem suggests an al-
gorithm for finding all N-special elliptic curves E/K. First produce the finite list of all
exceptional units in Oj (the current implementation for this in Magma requires that the
unit rank be at most 10). Then find all the points (79, s¢) on the curve Fx(rg, s9) = 0 where

both rg and sq are exceptional units. Finally, check that the elliptic curve E(rg,so)/K is
such that N does not divide ¢(E(rg, so)/K).

Example 4.9 Let p be prime. The number of exceptional units of Q((,)™ grows rapidly with
the degree. For instance, when p = 13,17,19 and 23, the fields Q((,)™ have respectively
1830, 11700, 28398, and 130812 exceptional units. These values were obtained using the
command EzceptionalUnits() in Magma [5] (see also [77], Tabelle I, page 208-209).

The fields Q(¢,) and Q((,)" are both totally ramified over (p) and so have a prime of
norm p. In particular, both M(Q({,)") and M(Q((,)) are bounded by p. Lenstra [29]
determined that M (Q((,)) = p. Leutbecher and Nicklash showed that M(Q({,)") > p—1
([33], Theorem 3), with strict inequality for instance when p = 7,11, 13.

Tables of fields along with lower bounds on their Lenstra constant can be found in Lenstra’s
original paper [29], and in [30], [31], [32], [33], and [43]. For general facts on exceptional
units, see [57] and [58].

There are no exceptional units in number fields of degree prime to 3 where 3 splits com-
pletely [71]. Theorem 1 in [16] states that the number of cyclic fields K/Q of fixed prime
degree d > 5 such that O contains an exceptional unit is finite.

bWillave used here that N is prime. If p is the residual characteristic, and N = p* for some t > 1, the
point Py can only have order p when the elliptic curve has additive reduction. See for an example.
®As explained in the proof of Part (ii) of Theorem is completed by also applying Proposition
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Proposition 4.10. Let K be a number field. Let 5 < n < 11 be any integer. Let ry and s
be two exceptional units in O% such that the elements Fr(rg, So), ..., Fan_1(ro, So) are all in
Oj. Then M(K) > n.
Proof. We show that M(K) > n by showing that the sequence
-1
07 17 rala 5617 50—7 $6(r07 30)7 cee 7xn(r07 30)
o — 1

is an exceptional sequence in Oj.. This fact follows immediately from the formuli for the
rational functions x5(r,s), ..., x11(r, s) exhibited before Theorem along with the factor-

izations of z;(r, s) — x;(r, s). O
The sequence of integer polynomials F3(r,s), ..., F,(r,s),..., along with the associated
sequence of rational functions z3(r, s), ..., T, (7, s), ... produces some rather striking factor-

ization properties for z;(r, s) — x;(r, s). It is natural to wonder whether these two sequences
might be unique, up to some straightforward notion of equivalence of sequences.

Example 4.11 Consider the field K of degree 7 given by the polynomial 27 — 2%+ 2% — 23 +
2? —x —1. This field has discriminant 612233, signature [3, 2], and has 954 exceptional units.
It has L(K) = 19, so that M(K) < 19. In K, for every m € [7,26], we can find exceptional
units rg, so such that Fr(ro, so), - ., Fiu(ro, o) are all in O3 and F,,1(rg, So) is not a unit.
In particular, a slightly generalized Proposition shows that M(K) > 13. Leutbecher in
[30], page 103, Table 3, shows that M (K) > 15 using a completely different method. We do
not know of another septic field F’ with M (F) > 15.

Remark 4.12 Let d > 1 be any positive integer. Let M, denote the maximum of M (K)
when K /Q runs over all number fields with [K : Q] = d. Let N be prime, and let £/ K be an
N-special elliptic curve. A strengthened Theorem [4.3|could possibly imply that N < 2M,+1.
The easy upperbound M, < 2¢ implies that N < 24141, but this inequality is not as strong
as N < 2¢429/2t1 11 given in Proposition[3.1} It would be interesting to determine whether
M, admits an upperbound which might be polynomial, or even linear, in d.

Example 4.13 Theorem [£.3implies that if N = 11 or N = 13 and there exists an N-special
elliptic curve E/K, then M(K) > 6. We note here that this bound M (K) > 6 cannot be
improved in general. For instance, the quartic field of discriminant 117 in the table in
has M(K) = 6, and there are two N-special elliptic curves over K with N = 11 and one
N-special elliptic curve over K with N = 13.

Example 4.14 We did not consider in this article the case where N is not prime. We only
note in this example that when N = 72, there exist examples of fields K with an N-special
elliptic curve E/K (i.e., having a K-rational point of order N and ¢(E/K) not divisible by
7), and such that M (K) < 7.

For instance, when N = 49, the first point of X;(49) listed in [74] is over a totally
complex field K of degree 14 with discriminant 377" having one prime ‘B over (7) which has
ramification index 7 and residual index 1. It follows that M(K) < 7. The field has 6512
exceptional units. This first point corresponds to an elliptic curve E/K with j = 0 and
complex multiplication which has a K-rational point of order N, and with bad reduction
only above B, of reduction type II. In this example, the elliptic curve corresponds to a point
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(10, S0) with Fyg(ro, s9) = 0 where both ¢ and sy are exceptional units in Oj;. Magma can
verify that the elements F3(ro, So), ..., Fs(ro, So) are in O, but F;(rg, so) has norm 7.

4.15 We end this section with some conjectural properties of the polynomial Fi(r, s) when
N > 11 is prime. Recall the degrees d, and d, defined in [4.4] as well as the associated
integers a and b. When N is prime, we conjecture that

2_ ) .
4 (N) = {N60 1 if N=41 (mod 10)

M=l yploif N=+3  (mod 10),

dy(N) = =1 _q.(N),

24

a(N) = Z%gtg%,teN(4t_N>7

Moreover, let

C:C(N) Z%Stg%,tEN(N_th)’
d = d(N) >yt yen(N = 38).

We conjecture that the polynomial Fy(r,s) € Z[r, s| satisfies the following properties:

(1) Fn(r,1) = (r—1)%,

(2) Fn(1,s) = 4s¢(s — 1)47,

(3) F(r,0) = ri(r — 1),

In particular, the points (0,0) and (1, 1) are on the curve Fy(r,s) =0 if N > 11, and (1,1)
is singular. When N > 13, the point (1,0) is also on the curve, and these three points are
the only points on the affine plane curve Fy(r,s) = 0 with either r € {0,1} or s € {0,1}.
All three are singular as soon as N > 23.

For N < 101, the conjectures can be proved by inspection of the equations for Fy(r, s)
listed in [68]. To check whether a given point is singular on the curve Fx(r, s) = 0, we simply
look at the Taylor expansion of the curve at the point. Recall that we also conjecture that
F(0,s) = £s*. We find that

(i) (0,0) is singular if @ > 1 and d > 1.

(i) (1,0) is singular if d, —d > 1 and ¢ > 1.
(iii) (1,1) is singular if dg — ¢ > 1, and d, > 1.

It is possible that the above conjectures could be fully proved as follows. The function
field of X;(NN)/C, when N > 11, is isomorphic to C(Ws, Wy) (]21], Theorem 1), where W3
and W, are explicit Weierstrass units (see [21], (1) on page 305 for the definition. See also
[26], Theorem 1, and [27], Chapter 2, Theorem 6.4. A related definition is found in [48], top
of page 125). One might wonder whether

Fy (W5, Wy) =0,

in view of the proof of Theorem 3 in [48], bottom of page 130, where a similar statement
is asserted but the computations needed to verify it are left to the reader. Assuming that
Fn (W3, Wy) = 0, the techniques of proof developed in [2I] to describe the equation relating
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the functions W3 and W5 ([21], Theorems 2 and 3) could possibly be used to establish the
conjectural properties of Fi(r,s) discussed here.

Remark 4.16 In [2I] and [28], the fact that the function field of X;(N)/C is isomorphic to
C(W3,W5) when N > 11 is used to produce explicit equations for X;(/N). (The equation
given for X;(13) in [21], Example, page 316, has a sign error, giving a curve of genus 3.
The correct equation can be found in [28], middle of page 56.) On page 317, just before
section 5, the authors of [21] state that our equations seem to correspond to the “raw form”
of Reichert. As discussed above, it is more likely that the raw form equation corresponds to
the polynomial associated with the pair (W3, W,).

Remark 4.17 In [2], one finds for each N a description of three different equations for
X1(N). In Table 1, page 2383, the middle polynomial denoted by ® (7, .5) is related to
Fn(r,s) by the formula Fx(r,s) = £®y(r, —s), at least when N < 15. This fact does not
seem to be pointed out in [2].

Remark 4.18 Let N be prime. The formulas for d,.(N) and ds(N) grow quadratically in N
and are upper bounds for the Q-gonality of X;(/N). For comparison, we recall here that the

the genus of X;(N) is given by the formula g(X;(N)) = % ([19], p. 161).

5. THE CURVE X;(11)

In this section, we finish the proof of Theorem (ii) in the case of N = 11 in Proposition
5.5l We also introduce in[p.1a natural involution on X;(11)/Q which acts on the set of points
(r,s) on Fi1(r,s) = 0 where r, s are both exceptional units in Ok (see [5.3). This involution
is used to prove Proposition [5.8]

Let Fy(r,s) denote the raw form equation for X;(NN). Consider the change of variables

(s —r) F;

r=ns) = e T R
and
(r.5) (rs —2r+1) Fy
=y(r,s) = = ——.
y=vn (s2—s—r+1) Fy

This change of variable provides a birational isomorphism from the plane curve Fy(r,s) =0
to a plane curve fy(z,y) = 0. The equation fy(x,y) = 0 is called the alternative defining
equation of X1(N) in [68].
Example 5.1 The raw form equation of X;(11) is given by

Fii(r,s) =1* —rs® +3rs* —4rs +s,
while fi1(z,y) :== 2%y — 2y*> + y — 1. We find that

B (s = 1)(r — s)Fi1(r, s)
Fuelrs) y(rs) = G s — o 7 1)

The function y(r, s) is not defined on Fi;(r,s) = 0 when r = s> — s + 1, which only happens
when s = 1. It turns out that the singular point (1,1) is the only point where the map
(r,s) — (z,y) is undefined on the curve Fiy(r,s) = 0.
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3

After homogenizing fi1 to %y — zy? + yu? — u3, we obtain a minimal Weierstrass equation

over Z for the elliptic curve X;(11)/Q, given by

v? — v =u —u?
by setting u = 1/y and v = x/y. Note that an equation for X;(11)/Q appears already in the
literature as early as 1908 ([34], page 160, Section 5., (7)), given as y*z —y?z — 2?2 +y2* = 0.
Since the equation Fi;(r, s) is quadratic in r, we have an involution o of the plane curve
Fi1(r,s) = 0 given by r — —r + (s*> — 3s? +4s). For a point (r,s) # (0,0) with Fy;(r,s) =0,
we have (s3> — 3s? + 4s) = r + s/r. Hence this involution reduces in this case to r — s/r.
The involution fixes both points (0,0) and (1,1).

Lemma 5.2. Let r,s € O be non-trivial units. Suppose that 0,1,r,s,(r —1)/(s —1) is an
exceptional sequence in OF. Then

(a) z(r,s) and y(r,s) are exceptional units.

(b) If Fi1(r,s) =0, then 0,1, x(r, s),y(r, s) is an exceptional sequence.

Proof. (a) We need to show that x,y,1 — 2z, and 1 — y, are units. We have

(r—1)(s—1) _FF

l—g=
v (rs —2r+1) Fg '’

and
|y (s—=1)(s—r) _ F6F7‘
(s2—s—r+1) Fy
By hypothesis, we know that s — 1, — 1, and s — r, are all units. Thus to conclude the
proof of (a), it suffices to show that both Fy = (rs —2r +1) and Fy = — (s> — s —r + 1) are
units. For this, we use the last relations implied by the exceptional sequence, namely that
s—(r—1)/(s—=1)and r — (r — 1)/(s — 1) are also units. We find that

(r—1) s*—s—r+1
S — ey
(s —1) s—1

and

(r—1) rs—2r+1
r— = :

(s —1) s—1

and (a) follows
To prove (b), it suffices to show that x — y is a unit. We find that

(s—1)(r*s—3r*4+rs+3r—s>—1) Kk
(rs=2r+1)(s?—s—r+1)  RFy

T—y=

In view of the proof of (a), x — y is a unit if and only if Fi5 is a unit, where
Fiy = Fio(r, s) := r’s —3r2+rs+3r—s*—1.

Assume that Fy;(r,s) = 0. Recall that Fy;(r,s) = r? — rs® + 3rs? — 4rs + s, and note
that sFio + F11 = (s — 7)(rs®> — 3rs +r + s?). If the expression rs* — 3rs + r + s? is not
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a unit, it must be in a maximal ideal 8. Thus modulo 3, we have r = —s?/(s* — 3s + 1).
Substituting this expression for r in F};, we obtain that modulo ‘B,
s(s—1)8
Fi(8) = ——F-—,
() (s2 — 35+ 1)
leading to a contradiction since by hypothesis, both s and s — 1 cannot belong to . So Fi
is a unit. 0

The conclusion of Lemma [5.2] (b) also hold if we assume that Fy(r,s) = 0 for some prime
N > 12, with r and s exceptional units such that the associated curve E(r, s)/K is an elliptic
curve. Indeed, we can use in this case Lemma to deduce that Fi5(r, s) is a unit in Ok.

Lemma 5.3. Let (r,s) be a point on the plane curve Fyi(r,s) = 0 such that r and s are

exceptional units in Oj.. Then 0,1,7,s,(r —1)/(s — 1) is an exceptional sequence, and

(a) The image of (r,s) under the map (r,s) — (u,v) is a point where 0,1, u,v is an excep-
tional sequence.

(b) The image of (r,s) under the involution (r,s) — (s/r,s) is such that 0,1,s/r,s is an
exceptional sequence.

Conversely, if (u,v) € K? is a point on the curve v? — v = u® — u? and u is an exceptional

unit, then 0,1,u,v is an exceptional sequence and the image (r,s) under the inverse map
(u,v) > (r,s) is such that 0,1,r, s is an exceptional sequence.

Proof. We can rewrite the expression Fi; as Fy; = (r — s)(r — 1) — r(s — 1)3. Since r,
r — 1, and s — 1 are units by hypothesis, it follows that » — s € O}. This shows that
0,1,7, s is an exceptional sequence. To prove that 0,1,7,s,(r —1)/(s — 1) is an exceptional
sequence, Lemma [5.4 shows that it suffices to prove that F;, Fy € Oj. By abusing notation
and viewing Fg(r,s), Fo(r,s) and Fii(r,s) as polynomials in Z[r, s|, we can compute the
resultant of Fy(r,s) and Fi;(r,s) to be r(r — 1)*, and the resultant of Fy(r,s) and Fy(r,s)
to be (r — 1)°. Thus when r and s are exceptional units in O and Fy(r,s) = 0, we find
that Fy(r,s) and Fy(r, s) belong to Oy

(a) Consider the maps (r,s) = (z,y) — (u,v) introduced in Example 5.1} Any point
(r,s) with Fy;(r,s) = 0 where both r and s are exceptional units is sent to a point (u,v)
with v2 — v = u® — 4? where both v and v are exceptional units. Indeed, we have z
and y exceptional units by , and thus v = 1/y is also an exceptional unit. Moreover,
v(v—1) = u*(u—1), so v(v—1) is a unit and, hence, v is an exceptional unit. By definition,
u—v=1/y—x/y=(1—2x)/yis a unit.

(b) When r, s, and r — s are units, then s/r is a unit, and sois 1 —s/r = (r —s)/r. Hence,
s/r is an exceptional unit. When r is an exceptional unit, then so is 1 — 1/r. It follows that
the difference s/r — s is a unit, and so 0,1, s/r, s is an exceptional sequence.

Suppose now that (u,v) is a point on v* — v = u* — «? and w is an exceptional unit.
From v(v — 1) = w?(u — 1), we find that v is an exceptional unit. In K, the equation
2?—z—(u?—u?) = 0 has two roots v and v, and we find that (u—v)(u—7) = v?>—u—(u?—u?) =
—u(u — 1)2. Since u is an exceptional unit, u — v is a unit. From this we find that y = 1/u
is an exceptional unit. Since x = v/u, we find that x is a unit, and since 1 — x = (u — v)/u,
1—a is a unit and so x is an exceptional unit. The equation fi;(z,y) = 2?y—ay?’+y—1=10
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shows that  —y = (1 — y)/(zy) is a unit. Consider the change of coordinates
r=(a%y—ay+y—1)/(a%y —x) and s = (zy —y + 1) /(ay).

We leave it to the reader to check that r and s are exceptional units. It follows then from
the beginning of the proof that » — s is a unit. O

Lemma 5.4. Let r,s € O} be non-trivial units. Suppose that 0,1,r, s is an exceptional
sequence in Q. Let Fg :=rs—2r+1 and Fy := —(s* —s —r +1). Then

(a) 0,1,r,s, Tf__ll) 15 an exceptional sequence in Oj if and only if Fy € O.

(b) 0,1,7,s, E s an exceptional sequence i O if and only if Fy, Fy € O.

Proof. For (a), the extended sequence is immediately exceptional as soon as % is an

exceptional unit, and this latter condition is equivalent to Fg € Oj. For (b), E is au-
tomatically an exceptional unit, and the extended sequence is exceptional if and only if
Fy, Fy € O);. We leave the details to the reader. O

Proposition 5.5. Suppose that r,s € O3, are non-trivial units such that 0,1,7, s, Z:—l

1
exceptional sequence in Oy If Fi1(r,s) =0, then

r—1 r(s—1)

s—1 r—1

is also an exceptional sequence in OF . In particular, M (K) > 6.

1S an

07 17T7 S,

Proof. In view of Lemma , we only need to show that the difference Z:—i — % is a unit.
We have

r—1 r(s—1) 1 —3r—rs®+2rs+1

s—1 r—1 (r—1)(s—1)
Let us set u := r? — 3r — rs® + 2rs + 1, and note that it suffices to show that su is a unit.
Recall that Fyi(r,s) = 1% —rs® + 3rs?> — 4rs + s. Then

su—Fy;=r(s—1)(r—s)

and the proposition is proved. O]

Let K be a number field and let (r,s) € K2. Let ¢ := s(r — 1) and b := ¢r. Consider the
plane curve E, ) given by the equation

y? + (1 — c)zy — by = 2 — ba®.
Let N =11 and set
Ay = s (r —1)°(r?s® — 8r?s® + 16r%s — 2rs® + 5rs® — 20rs + s° + 35> + 35 + 1).

Assume that (r,s) € K? with Fx(r,s) = 0. If Ay # 0, then E /K is an elliptic
curve with a K-rational point (0,0) of order N. If Ay = 0, we will call (r,s) a K-rational
special point of the plane curve Fy(r,s) = 0.

Lemma 5.6. The special points of the plane curve Fy1(r,s) = 0 consists of (0,0), (1,1), and
five conjugated points whose coordinates are exceptional units in Ogc, )+
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Proof. Magma computes the primary decomposition of the ideal I of Q[r, s] generated by Ay
and F using the command PrimaryDecomposition(). We find that I is contained in exactly
three prime ideals, (r,s), (r—1,s—1), and (s° —4s? — 9534+ 275> = 13s — 1,7 + (—2s* +2s* +
135%2—26s+3)/11). The field Q[s]/(s® —4s*—9s3+27s*—13s—1) is isomorphic to Q(¢;;) " and
the class sq of s is an exceptional unit. The element ry = —(—2s3+2s3 + 1352 — 2659+ 3)/11)
is also an exceptional unit. [l

Let N > 11 be prime. It is Well—knownﬂ that the complement of Y1(N)(Q) in X;(N)(Q)
consists of (N — 1)/2 rational points and (N — 1)/2 conjugated points over Q((y)" (see,
e.g., [18], page 7). We conjecture that the latter points correspond to (N — 1)/2 points

(7o, S0) on the plane curve Fy(r,s) = 0 where both ry and sy are exceptional units in
Og(¢cy)+- Moreover, 0, 1, o, 800, jgj,xG(ro, 50), - - - LN (ro, o), is an exceptional sequence

in Og(cy)+, as in Theorem [£.3]

Let Sk denote the set of all points (r,s) such that Fx(r,s) = 0 and both r and s are
exceptional units in Oj. Let £k denote the set of all elliptic curves E, )/ K corresponding
to points in Sk, up to isomorphism. When N = 11 and K = Q(({31)", our next example
shows that |Ex| = 3. Proposition shows that when N = 11, |Ek| is even in general.

Example 5.7 Let K = Q(¢11)". A computation with Magma finds that |Sk| = 20. Five
of these twenty elements are special points. The remaining 15 elements of Sk give rise
to only three distinct elliptic curves E. /K, which have integral j-invariants j = —11?,
—11 - 1313, and —2%, and have additive reduction at the unique prime above (11). In
particular, |Ex| = 3.

Let A/Q denote the elliptic curve given in Weierstrass form by v? — v = u* — u%. This
curve is commonly denoted by X;(11)/Q. We described in [5.1| a birational Q-map from the
plane curve Fi;(r, s) = 0 to the curve A which produces a bijection between the points where
both coordinates are exceptional units (Lemma . A computer search for points (u,v) in
A(K) where v* — v = u® — u? and both u and v are exceptional units produces exactly 20
such points, as expected. These points are all of order 25 in A(K). It is a classical result,
dating back at least to [4], Lemma 2, that A(Q) is finite of order 5, and is generated by
P:=(0:0:1),with2P=(1:1:1),3P:=(1:0:1),and 4P := (0:1:1). We have thus
found 25 explicit torsion points in A(K) of order dividing 25. It is known that the algebraic
rank of Ax/K is 0, and that the torsion subgroup over K is isomorphic to Z/25Z (see [15],
Theorem 1). It follows that the torsion points of A(K') are completely determined.

Proposition 5.8. Let K be a field that does not contain Q((11)". Then |Ek| is even.

Proof. Recall the involution ¢ of the plane curve Fy;(r, s) = 0 introduced in[5.1] We showed
in Lemma (b) that o induces an action on the set Sk. Since we assume that K does not
contain Q(¢;1)", Lemma shows that the set Sk does not contain any special point. Thus
in this case the proposition is proved if we can show that for any (r, s) € Sk, the j-invariant
of Eys) is not equal to the j-invariant of E(, /s ), where as we noted in[5.1}, o(r, s) = (r/s, s).

Working in the field of fractions of the polynomial ring Q[r, s|, we can write down explicit
expressions for j(E.s) and j(E/ss)). Let w denote the numerator of j(E. ) — j(Eq/s,s))

dThis was not the case in 1971. See the comment by Ogg in [59], bottom of page 110.
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divided by its factor 72 — s. Magma can compute the primary decomposition of the ideal
I := (w, F11) in the ring Qlr,s]. It turns out that this primary decomposition has seven
prime ideals, consisting in (r,s), (r —1,s—1) and M, My, My, M3, M, that we now describe.
In the end, none of these ideals correspond to points in Sk. The ideal M corresponds to
a point on Fiq(r,s) = 0 defined over an extension of degree 25, and it can be checked that
this extension contains Q((11)". The other four ideals My, My, M3, M, have a more intrinsic
description.

Indeed, let A/Q denote the elliptic curve given in Weierstrass form by v? — v = u® — u?,
as in Example 5.7, The automorphisms of the curve A of genus 1 are well understood, and
each corresponds to the composition of an automorphism g of the elliptic curve A with a
translation tp on A by a point P in A(Q). Since o is an involution, the automorphism p has
to be the inverse inv in the group law on A. Letting P := (0 : 0 : 1), the reader can verify
that the involution ¢ corresponds to the composition ¢p o inv. The smooth point (0,0) on
the plane curve Fi(r,s) = 0 is fixed by o, and is sent to the point 3P in A(Q) under the
map (r,s) — (u,v). The set of points corresponding to the ideals My, My, M3, My, when
mapped to the curve A, is of the form R, R+ P, R+ 2P, R+ 4P, where R is a point of order
2 in A(Q). It can be checked that none of these points corresponds to points in Sx. Note
that {R, R+ P} and {R + 2P, R+ 4P} are two orbits under the involution ¢p o inv. O

Remark 5.9 We record below another explicit involution of the plane curve Fiy(r,s) = 0:
7i(r8)— (1—r (s —s+1—-71)/(s—1)%).

The composition o o 7 is a birational automorphism of the plane curve Fii(r, s) = 0 of order
5, corresponding to an automorphism of X;(11) of the form @ — @ + S, with S a rational
point of order 5.

6. THE LENSTRA CONSTANT

Let N > 11 be prime. We use in this section results or conjectures on the Lenstra constant
of fields of small degrees, along with Theorem [4.3] to obtain applications to N-special elliptic
curves.

Theorem 6.1. Let N > 11 be prime. Let K be a cubic number field, and let E/K be an
N-special elliptic curve. Then N = 13, the field K is Q((7)T, and there exits a unique such
curve E/K.

The curve E/K has j-invariant —28672/3 and it is the base change to K of the curve
with Cremona label 147b1. It has prime conductor (3), and its reduction at (3) is split
multiplicative of type I.

Proof. Assume that E/K is N-special. Then Proposition implies that N < 13. That
no N-special elliptic curve exists when N = 11 was proved by Krumm in [24], 5.4.2. When
N = 13, the unique curve in the statement of Theorem was found by Krumm in [24],
5.4.4. We now show the uniqueness of this 13-special elliptic curve, and also give a new proof
for the case N = 11.

Leutbecher and Martinet show in [31I, Theorem 4.1.1] that for a cubic field K, either
M(K)<3,or K=Q(¢)"and M(K)=7,or M(K) =5 and K = Q(«) with a®*—a—1= 0.
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Theorem shows that when E/K is N-special with N > 11, then M(K) > 6. The end
of the proof is then machine-assisted: for the field K = Q({;)*, make a list of all the
exceptional units in the field, and check whether the raw form equations Fi;(r,s) = 0 and
Fi3(r, s) = 0 have any solutions with both r, s exceptional units. Such computation can be
done with Magma [5] and produces only six solutions, all of Fi3(r,s) = 0. This leads to a

single N-special elliptic curve E/K with N = 13, since the six solutions corresponds to the
orbit of (£, P) under the Galois group of X;(13)/X(13). O

Corollary 6.2. Let N > 11 be prime. Let K be a cubic number field, and let E/K be
an elliptic curve with a K-rational torsion point of order N and everywhere semi-stable
reduction. Then E/K has a place of split multiplicative reduction.

Proof. The corollary follows immediately from Theorem [6.1], since Lemma shows that
the statement is true once it is proved for N-special curves. O

The corollary partially generalizes Theorem to cubic fields. The statement cannot be
modified to include the case N = 7. Indeed, over the smallest cubic field K = Q(«), with «
a root of z3 — 2% + 1, of discriminant —23, the elliptic curve E/K labeled 167.1-A1 in [30]
has conductor equal to one of the three prime ideals of Ok over p = 167 and does not have
a place of split multiplicative reduction.

Remark 6.3 It follows from Theorem that if E/K is an elliptic curve over a cubic
field with integral j-invariant, then it cannot have a K-rational torsion point of prime order
N > 11. This statement was proved already in [62] (see [79], Theorem 6). When N = 5,
it is shown in [79], Corollary, page 212, that there are infinitely many cubic fields K with
infinitely many elliptic curves F/K having integral j-invariant and such that E/K has a
K-rational torsion point of order N = 5.

We now turn to the case of quartic fields, and prove Theorem[I.4] The exceptional units in
fields of unit rank 1 were completely determined by Nagell ([51], [52], [53], [54], [55]). In the
case of quartic fields of unit rank 1 the Lenstra constant was determined by Lenstra in [29],
3.11. In particular, he shows that for such quartic field, M (K) < 4 except when K = Q((5)
with M(K) =5, and when K is the quadratic extension of Q((3) of discriminant 117 with
M(K) = 6. (We have used here that the tables [22] are complete and that there is a unique
quartic field of rank 1 and discriminant 117. It appears in the table in Conjecture .

Leutbecher and Martinet make a conjecture on the Lenstra constant of number fields of
unit rank at most 2 in [31], 6.1.7. Since the Leutbecher-Martinet conjecture does not cover
the case of unit rank 3 when [K : Q] = 4, we complement it below in (b) so that all cases
are covered for quartic fields. The form of this conjecture was anticipated by Martinet (see
[43], Remarque on page 17-12).

Conjecture 6.4. Let K/Q be a number field of degree 4. Then M(K) < 4 except for finitely
many explicit exceptions. More precisely:

(a) Assume that the unit rank of K is 2. If K contains Q((5)", then M(K) = 4. Except for
the fields of discriminants —275, —283, —331, and —475 in the table below, all the other
fields have M(K) < 4.
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(b) Assume that the unit rank of K is 3. Then M(K) > 10 if K is the field of discriminant
725 in the table below, M(K) =5 if K = Q((15)", and for all other fields, M(K) < 4.

N field K (degree 4) r(K)|ex(K)| M(K) |disc(K)
11(2),13( = 0) | 2* —2® —a® + o + 1 1| 20 6 117
None o=+ —a+ 1, Q) 1 18 5 125
11(4) ot — 23+ 22— 1 2 54 9 —275
11(2) 1 > | 54 7 283
None ot -1 2 42 5 —331
None 2t =223 4227 —x -1 2 30 5 —475
11(2),13,17 | a* —2® — 322 + 2 + 1 3 | 162 [100r11] 725
None ot — 2 — 42 +4r+ 1, Q(¢s)T | 3 90 5 1125

The notation in the above table is described in [[.3] The reader will note that all fields
appearing in Theorem [1.4] also appear in the above table.

6.5 Proof of Theorem . Let N > 11 be prime. Let K/Q be a quartic field, and let
E/K be an N-special elliptic curve. Then Proposition [3.1] shows that N < 17. Theorem
implies that M (K) > 6.

Conjecture implies that there is only one quartic field of unit rank 3 with M (K) > 6.
Thus the proof of Theorem (b) reduces to finitely many computations: it suffices to make
a list of all the exceptional units in the field, and check whether the raw form equations
Fn(r,s) = 0 for N = 11,13, and 17, have any solutions with both r, s exceptional units.
Such computation can be done with Magma [5] and produces the solutions in Theorem
(b) (and recalled in the above table).

To prove Theorem (a), where the unit rank is at most 2, we note that the quartic
fields of rank at most 2 which have M(K) > 5 have been completely described by Nagell
and Lenstra (in rank 1, see [29], 3.11) and by Leutbecher and Martinet (in rank 2, see [31],
5.1.1). The above discussion then can be applied and the proof of Theorem (a) also
reduces to finitely many computations.

Let us now turn to the case of quintic fields.

Theorem 6.6. Let K/Q be a quintic field of unit rank 2. Let N > 11 be prime. Let E/K be
an N-special elliptic curve. Then K is one of only three fields K/Q, listed below (notation
as in . The possible N’s are listed in the first column next to the defining polynomial of
the field.

N field K (degree 5) r(K) | ex(K) | M(K) | discr(K)
13,17 -3 -2 +ar+1 2 78 >9 1609
11(2),13 |2 — 2t + 2> —x + 1 2 78 > 8 1649
11(2) -ttt -2+ -1 2 72 7 1777
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The information on M (K) in the table is found in [31], 5.3.

Conjecture 6.7. Let K/Q be a quintic field of unit rank greater than 2. Let N > 11 be
prime. Let E/K be an N-special elliptic curve. Then K is one of only six fields K/Q, listed
below (notation as in . The possible N ’s are listed in the first column next to the defining
polynomial of the field.

N field K (degree 5) r(K) |ex(K) | M(K) | discr(K)
13(2)%,19 | 25 — 2% — 222 + 1 3 | 228 | >11| —4511
11(2) -t =+ 22— -1 3 198 9 —4903
11(2),13 | 2° —2* — 23 + 322 — 1 3 180 7 —5519
11(2) 20— 2 +ad 42 —20—1| 3 | 168 | 7 | —5783
11(2) x5 — 22t + 32% — 20— 1 3 132 7 —7367
None -zt -2t -z +1 3 108 6 —8519
13 | Q)" 4 | 570 | 11 114
None 25— 5x3 +4x — 1 4 240 7 38569

The asterisk in the notation 13(2)* and 11(3)* indicates that at least one of the N-special
curves has integral j-invariant. The three curves over Q((i;)" are 121.1-al, 121.1-b1, and
121.1-d2 in [36].

6.8 As in the case of quartic fields, we state below a conjecture on the Lenstra constant
of quintic fields which will imply Conjecture Lenstra showed that one should expect
infinitely many quintic fields with M (K) > 5 and, more generally, for any fixed degree d > 5,
infinitely many fields K of degree d with M (K) > 5. Indeed, it is shown in [29], 2.4, (c),
that if K = Q(«) is such that the minimal polynomial f(z) of a over Q has the form

fx)=gx)(2® —z+1)(z -z +1

for some monic g(x) € Z[z|, then M(K) > 5. As soon as deg(g) > 1, we should expect to
find infinitely many pairwise not isomorphic such fields.

We propose the following conjecture for quintic fields, extending a theorem of Leutbecher
and Martinet for the fields of unit rank 2 ([31], 5.2.1).

Conjecture 6.9. Let K/Q be a quintic field. Then M(K) <5 unless K is one of the fields
listed in the tables in Theorem and Congecture [0.7]

6.10 Proof of Theorem[6.6. We note here that Conjecture [6.9)implies Conjecture[6.7], and we
prove Theorem . Indeed, let N > 11 be prime, and assume that F/K is N-special. Then
Proposition shows that N <19 or N = 31 or 41. Theorem implies that M(K) > 6.
Conjecture reduces the verification of Theorem to finitely many computations, since
there are only finitely many explicit quintic fields with M (K) > 6. For each such field, it
suffices to make a list of all the exceptional units in the field, and check whether the raw
form equations Fy(r,s) = 0 for N = 11,13,17,19, 31,41, have any solutions with both r, s
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exceptional units. Such computation can be done with Magma [5] and produces the solutions
listed in Conjecture [6.7]

To prove Theorem where the unit rank is 2, we note that the quintic fields of rank 2
which have M(K) > 5 have been completely described by Leutbecher and Martinet ([31],
5.2.1). The above discussion then can be applied.

Remark 6.11 When [K : Q] =4 and N = 17, and when [K : Q] =5 and N = 19, Theorem
m (b) and Conjecture imply that there exists only a single N-special elliptic curve F/K.
These curves were found by Krumm already in [24], 5.5.2 and 5.6.2, by a different method
using an algorithm developed in [13]. With the more targeted search suggested in , we
found examples of N-special curves with the following pairs (N, [K : Q]):

N (K : Q] N |[K:Q]| N |[K:Q]
19(6,7,8,9,10,11,12 || 29 | 9,10,11 || 37 | 6,10,12
23| 7.8,9,10,11,12 |31 9,10 43| 12

Explicit examples with N = 31 are also known with [K : Q] = 11 and unit rank 6 or
7: they were found in [73] using a different method. The list of examples up to degree 13
where the elliptic curves have in addition complex multiplication was found earlier in [7]. In
particular, when (N — 1)/3 is an integer, then there exists an N-special curve with j = 0
over a field of degree (N —1)/3 ([6], Theorem 1 a)).

Let dmin(N) denote the smallest integer d such that the modular curve X;(NN)/Q has
infinitely many closed points of degree d. The following are known values of d,,;,(N) (see
[10], Table 1, and Theorem 3), along with bounds coming from dim(N) < gong(X1(N)),
where gong(X1(N)) denotes the gonality of X1(N)/Q.

N|11|13|17]19|23| 290 | 31 | 37
don(N)| 224 |5 |7 |<11|<12|<18

Remark 6.12 Let K/Q be a number field of degree d > 1. We return here to a question
raised in the introduction: is it possible to find a non-trivial g(d) such that if £/K is a semi-
stable elliptic curve with a K-rational torsion point of order N > ¢(d), then there exists
a place of K where E/K has split multiplicative reduction? Lemma (i) shows that if
such an elliptic curve /K is not N-special, then it always has a place of split multiplicative
reduction. On the other hand, an N-special elliptic curve need not always have a place of
split multiplicative reduction.

Let f(d) denote the largest prime N such that there exist a field K/Q of degree d and an
elliptic curve F/K with everywhere good reduction and a K-rational point of order N. It is
clear that such an elliptic curve has no places of multiplicative reduction. Let h(d) denote
the largest prime N such that there exist a field K/Q of degree d and an elliptic curve E/K
with a K-rational point of order N. That h(d) is well-defined follows from a famous theorem
of L. Merel [47]. In fact, h(d) < d*® [47], refined to h(d) < (3%/% 4+ 1) by J. Oesterlé [63],
Remark 1. For our question to have a non-trivial positive answer, we need to impose that
f(d) < g(d) < h(d). We do not know whether f(d) < h(d) in general.
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Let d = 4, where it is expected that h(4) = 17. The 17-special elliptic curve over the
quartic field of discriminant 725 in Theorem has prime conductor (2) and does not have
a place of split multiplicative reduction. Thus conjecturally, our question cannot have a
non-trivial positive answer for any value g(4).

7. SEXTIC AND SEPTIC FIELDS
For sextic number fields, we propose the following conjecture.

Conjecture 7.1. Let N > 17 be prime. Then there exist only finitely many sextic fields
K/Q with an N-special elliptic curve E/K.

7.2 In the following table, we include all sextic fields K found to have at least one N-special
elliptic curve E/K with N > 17. We keep the notation introduced in[1.3} The symbol L(K)
denotes the smallest norm of a maximal ideal in Ok, and we have L(K) > M(K). The
asterisk in the notation N(c)* indicates that at least one of the N-special curves has integral
j-invariant. In the instance 19(2)* below, only one curve has integral j-invariant, with 7 = 0.

The notation N(c)** indicates that all of the N-special curves have integral j-invariant.
The two curves in the table over Q((;3)" corresponding to 19(2)** are discussed in [9],
Example 6.8, page 168. and can be found in [36]. The product of these curves is isogenous
to the Jacobian of X;(13) over Q((13)™.

N field K (degree 6) r(K) | ex(K) | L(K) | M(K) | discr(K)
13(4),19(2 ) 8 — 25 + ot — 223 + 42% — 3¢ + 1 110 13 >9 —9747
11(6),14(2),2 2% — 225 4 303 — 22 — 1 288 17 | >12 | 28037
11(2),17%,19 2% — 225 42t + 2% — 222 + 2 +1 282 13 > 10 29189

11(6),13(2), 37 | Q(v5)Q(¢r)* 2700 | 29 | >18 | 300125
€ 19(2)* | Q(Cs)t 1830 | 13 13 | 371293

11(6

(4) 2
(6) 3
(2) 3
11(2),13,17 28— 25 + 2% — 2% + 1 3 | 252 | 11 | >10 | 31709
(6) 5
(6) 5

Over the sectic field K of discriminant 28037 above, we found an elliptic curve E/K with
a point of order N = 25 such that the global Tamagawa number of £/K is not divisible by
5. With a slightly extended version of Proposition , we can use the coordonates (7, so)
of this point with Fy5(rg,sg) = 0 to show that M(K) > 12. This lower bound was found
already by Leutbecher in [30], Table 3, page 103, using a different method.

The curves over the totally real field Q(v/5)Q(¢;)" are available in [36]. The N-special
curve with N = 37 is 1.1-al. The technique of proof of Theorem shows that K contains
an exceptional sequence of length (N — 1)/2, so that M(K) > 18. This fact was noted by
Mestre already in [48], page 127. It is suggested in [37], page 577, that M (K) might in fact
equal 18. We do not know if there exists a sextic field F' with M (F') > 18.

°The analytic rank of X;(11) over Q((i3)T is 3, with torsion subgroup reduced to Z/5Z. Over
Q(V5)Q(¢7) T, the analytic rank is 2.
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Remark 7.3 Recall that over Ky = Q({7)" there exists an N-special elliptic curve E/Kj
with N = 13. Thus over any quadratic extension K of K, the base change Fx /K has the
same property. It is natural to wonder whether the statement of Conjecture still holds
when N = 11, and still holds when N = 13 when one considers only the sextic fields that do
not contain Q(¢7)".

The data that we computed does not support conjecturing an answer to these questions
when the unit rank is 4 or 5. In fact, when N = 11, Nicholas Triantafillou informed us [72]
that he can parameterize the sextic fields K and the points (rg, sg) € K? on the Weierstrass
equation y? —y = 2% — z? of X;(11) where both ry and sy are exceptional units in O}. He
found 80 families of polynomials f(x, k) € Z|x, k] such that when k is an integer, a root 7
of f(x, k) is an exceptional unit in the number field L, = Q(r¢), and there exists an explicit
exceptional unit sy such that (rg, sg) is a point on y? —y = 23 — 2. The first such polynomial
on his list is

fz, k) = 2%+ (2k — 18)2° + (k* — 4k + 33)2* + (—2k* + 2k — 20)2® + k*2® + 4o — 1
with the corresponding coordinate

—r3 4 (—k+1)2* + (k+2)z —1
dr — 2 '

y =

The number fields Ly, defined by a root of f(x, k) are likely to have unit rank 4 or 5. In view
of these examples and Lemma [5.3] the extended statement of Conjecture [7.1] that includes
N =11 is unlikely to hold.

Remark 7.4 Consider the natural morphism X;(13) — X(13) of degree 6. Since the
curve X(13) is rational, Hilbert’s Irreducibility Theorem shows that the curve X;(13)/Q
has infinitely many points P defined over a cyclic Galois extension K (P)/Q of degree 6.
It would be interesting to determine whether infinitely many such points P correspond to
N-special elliptic curves E/K(P) with N = 13.

We present below two totally real cyclic sextic fields K/Q where we found an N-special
elliptic curve F/K with N = 13, and where the discriminant of K is quite large. We do
not know if the construction described below could be used to generate infinitely many such
examples.

Start with a curve A/Q with an isogeny of degree 13 defined over Q. For instance, consider
the curve 9025.al in [36], with the j-invariant j = 2045023375454208. This curve has a point
of order 13 over a degree 12 extension. This degree 12 extension contains a totally real sextic
subextension K given by adjoining a root of the polynomial

f(x) := 2% — 4352° + 615572* — 389922723 + 1162343412% — 14518424372 + 4630649791.

The field K has discriminant 5313°19* and 126 exceptional units, with class number 6. It
has M(K) = 6. The search for a solution to Fi3(r,s) = 0 with r, s exceptional units in O}
is successful, and there exists an N-special elliptic curve E/K with N = 13, and same j-
invariant. A similar example can be obtained starting with j = —738044630625096380416/3
and the elliptic curve 31827.b1, giving a point over a sextic field of discriminant 135103* and
class number 9.
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It is possible that Conjecture might be proved by first giving a positive answer to the
following question on the Lenstra constant of sextic fields.

Question 7.5 Let K/Q be a sextic field. Is it true that M (K) < 7 except for finitely many
explicit exceptions?

Remark 7.6 Leutbecher and Martinet prove in [31], 6.1.1, that a sextic field with unit rank
2 has M(K) < 9 except for two explicit fields, the field K of discriminant —9747 in
being one of them. As we mentioned in [6.8] there are infinitely many sextic fields K/Q
with M(K) > 5. It is straightforward to prove that there are in fact infinitely many sextic
fields with M(K) > 7. Indeed, the cubic field Ky := Q(¢7)" has M(K,) = 7, and thus any
quadratic extension K of Ky has M(K) > M(Ky). There is in addition at least one other
infinite family of sextic fields with M (K) > 7 discovered by Leutbecher ([43], top of page
17-15, or [31], 3.2, A).

For septic number fields, we propose the following conjecture.

Conjecture 7.7. Let N > 17 be prime. There there exist only finitely many septic fields
K/Q with an N-special elliptic curve E/K.

7.8 In the following table, we include all septic fields K found where there exists at least
one N-special elliptic curve E/K with prime N > 17. The notation is as in and [7.2]
The entries in the column M (K) adorned with a * indicates that the bound was already
determined in [31], page 121 and [30], page 105, respectively. The other lower bounds for
M(K) are obtained using Theorem [£.3] except in the case of the fields with 336 and 882
exceptional units, where a search using the method of Proposition [4.10] produces a longer
exceptional sequence.

N field K (degree 7) r(K)|ex(K) | L(K)| M(K) | discr(K)
11(6),13,25 | 27 —ab — a5 42t —a2 42 +1 3 366 17 > 12 —184607
11(2),13,19 | 2" — a0 + 2% — 2 + 1 3 336 13 | >10 | —199559
11(2),13,17 | 27 — 25 + 4% —4a* + 303 —a2 —2+1| 3 270 11 > 8 —250367
11(6),23 a7 — 325 — 2t 4323 + 1 4 960 19 >11 612569
11(6),23 @7 —ab —at 4322 — 1 4 906 17 | >11 649177
11(2),17 | a7 —a®— a5 425 102 —20 -1 4 | 882 | 13 | >10] 661033
11(2),23 o — 328 4+ 525 — 62 + 327 —2? —x+1 | 4 864 17 | >11 674057
13(3),19 o7 —a — 2 4 32% — 223 + 22 — 1 4 768 13 > 9" 788857
11(6),17 o7 — o —dad + 202 + 22— 1 5 1908 | 17 | > 13* | —2932823
17 a7 — 2% — 22% + 52t — 622+ +1 ) 1464 11 > 8 | —3998639

It is possible that Conjecture[7.7might be proved by first answering positively the following
question on the Lenstra constant of septic fields.

Question 7.9 Let K/Q be a septic field. Is it true that M (K) < 7 except for finitely many
exceptions?
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The reader will find in [42] the results of our search for N-special elliptic curves E/K
when K/Q has degree 8 through 12. We note below the following two examples in degree
12.

Example 7.10 (N = 43) Consider the field K of degree 12 with discriminant 42553255797 =
301331632, defined by the polynomial 2'2 — 29 4+ 528 — 227 — 25 — 725 +82* — 423 + 52% — 42+ 1,
with 5204 exceptional units. This field contains the subfields Q((3) and the quartic field of
discriminant 117 appearing in There exists an explicit N-special elliptic curve F/K
with N = 43, and we find using the technique of proof in Theorem that there is in K
an exceptional sequence of units of length (V —1)/2. In particular, M (K) > 21. The ideal
of Ok of smallest norm has norm 37, so that M (K) < 37. To our knowledge, this field K
is the field of degree 12 with the largest known lower bound for its Lenstra constant. Some
fields F' of degree 12 with M (F') > 18 are given in [20], Table 6.

Example 7.11 (N = 19 and points of order 38 and 57) Let K denote the totally complex
field K of degree 12 defined by the polynomial z'? — 2zt + 521 —102° + 162° — 2227 + 3025 —
315 4+ 282* — 2723 4+ 1922 — 72 + 1. This field has discriminant 319°, and 4622 exceptional
units (see https://www.lmfdb.org/NumberField/12.0.48737056617.1). It contains the
sextic field F having discriminant —9747 = —3%192 in [7.2] In O, the ideal (19) has a
factorization in maximal ideals of the form (19) = M°M;MyM;s. The smallest norm is
L(K) =19 = |Ok/M]|, so that M(K) < 19.

There are four N-special elliptic curves £/ K with N = 19. Three have integral j-invariant.
One of them has j = 0 and a K-rational point of order 57, and reduction modulo M of type
IV. Hence in this case the local Tamagawa number is ¢y = 3. This curve is found in [7],
page 531, and is defined over F' already.

Two other curves have conjugated integral j-invariants lying in the quartic subfield of K.
The curves do not have complex multiplication and have a point of order 38, with reduction
modulo M of type III. Hence in this case the local Tamagawa number is c¢;; = 2.

The fourth curve has j-invariant in the quadratic subfield Q((3) of K and is defined over
F', and has split multiplicative reduction of type I; at one of the two primes above (7).

8. HIGHER DIMENSION

It would be interesting to determine whether some of the results of this article have gener-
alizations to abelian varieties A/ K of dimension g > 1. It is straightforward to generalize our
definitions to higher dimensional abelian varieties: Given a place v of a number field K/Q,
we let again K, denote the completion of K at v, and k, denote the residue field of O, .
Given an abelian variety A/K, the local Tamagawa number ¢, of A/K is the order |®,(k,)]
of the group of k,-rational points of the component group ®,/k, of the special fiber Ay, /k,
of the Néron model A/Of of Ak, /K,. The Tamagawa number c(A/K) is the product [], c,.
Let N be prime. We say that A/K is N-special if A/K has a K-rational point of order N
and N does not divide ¢(A/K).

Let E/K be an elliptic curve. When N > 5 and N divides ¢(F/K), Lemma shows
that E//K has a place of split multiplicative reduction. This fact is expected to generalize
as follows.
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Lemma 8.1. Let A/K be a Jacobian variety of dimension g, and let N be prime. When
N > 2g+1 and v is a place of K where N divides c,, then the reduction of A at v has positive
toric rank. The same result holds when A/K is a principally polarized abelian variety and
N # char(k,).

Proof. When the abelian variety A/K is principally polarized, its group of components
@U(k_v) is expected to contain a subgroup © whose order is bounded by a constant depending
only on the unipotent rank of the special fiber Ay, , and such that ®,(k,)/© has a number
of generators bounded by the toric rank of A, . This statement is true for the prime-to-p
part of ®,(k,), where p =char(k,). In this case it is further known that the primes ¢ which
divide |©] satisfy £ < 2g+1 (use [40], Theorem 3.21, with © isomorphic to the product over
all primes ¢ of the groups denoted by O ¢(A) in Part (ii)). Hence, when N > 2g+1 and N
divides ¢, and N # p, we find that ®,(k,)/© cannot be trivial, and so the toric rank of Ay,
cannot be 0.

When A/K is a Jacobian with toric tank 0 at v, we can use the bound for |®,(k,)| given

in [38], Theorem 2.4, to show that only primes ¢ with ¢ < 2g + 1 can divide |®,(k,)|. O

Let A/Q be an abelian surface. The full list of primes N that can divide the order
of the torsion subgroup of A(Q) is not yet known. In particular, N = 31 or 37 are not
known to divide |A(Q)ors| for some A/Q. Examples of N-special abelian surfaces A/Q with
N = 11,13, and 19 are given in [41], 3.14 to 3.17. When the base field is not Q, we do not
know of any explicit example beyond the following examples of an abelian surface with large
prime torsion (not defined already over Q).

Example 8.2 (N = 31 and N = 37) Let K := Q({;)", the totally real cubic field of smallest
discriminant. This field has M (K) = 7. We present below a hyperelliptic curve X /Q of genus
2 whose Jacobian A/Q is such that Ay /K is N-special with N = 31. We also present an
N-special abelian surface A’/ K with N = 37.

Consider the curve X/Q given by the affine equation y? = 525 — 42° + 202" — 223 + 2422 +
20z+5. This curve was found by Noam Elkies [14]. He mentions that X has three K-rational
points Py, = (z,,722), where z,, = (" + (;™ € K, m = 1,2,3. He states that the Jacobian
A/Q of X/Q has a Q-rational subgroup of order 31. Magma can work with this Jacobian
using the command Jacobian() and can check that the point @ of A(K') determined by the
divisor P, — P has exact order N = 31. Magma further checks that the point Q" of A(K)
determined by the divisor P3 — P, has exact order N = 31, with Q' = 26Q).

Elkies mentions that the curve has good reduction at p = 2. Sage computes the reduction
of X/Q at each odd prime p using the command genus2reduction(), and finds that the
conductor of this curve over Q is 5274 = (245)?. It is easy to see directly that the reduction
modulo 5 has equation y? = z*(z + 1)(x + 2)? and so is stable with two Fs-rational ordinary
nodes at (0,0) and at (—2,0). The given equation in fact can be used to construct the regular
model of Xg,/Q5. The reduction of the equation modulo 7 is y? = (z + 5)° and so defines
the union of two rational curves meeting at one point. Sage indicates that the reduction of
X/Q modulo 7 is of type [III] page 155, in [56].

We now turn to showing that N = 31 does not divide ¢(Ax/K). For this, we use the
information above on the reduction of X/Q and infer from it information on the reduction
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of Xk /K. The prime (5) of Z is inert in Of. Therefore, the reduction modulo (5) does not
change when passing from Q to K. The component group of the Néron model over (Ox)s)
is trivial.

Recall that the extension K/Q is ramified only above (7) with (7) = (a)® and a =
2 — (7 — (1. We claim that the curve X /K has good reduction modulo (a), so that the
component group above (a) of the Néron model of Ax/K is again trivial. To verify this
claim, it suffices to use that the extension of degree 3 that we are making from Z7) to (O )(a)
is tame. This allows for an explicit calculation of the reduction type of the special fiber of
the regular model over (O ) () from the knowledge of the special fiber of the regular model
over Z) (see, e.g., [39], 1.8, for more details on this). The new special fiber over (Ok) ) is
a curve of genus 2 with an automorphism of order 3 inducing a morphism of degree 3 to a
projective line ramified over 4 points.

Let L := Q(v/5)K, and consider the N-special elliptic curve E/L in [7.2] with N = 37. Let
A"/ K denote the Weil restriction of F/L to K. Lemma 8.3[shows that A’/K is an N-special
abelian surface.

We can use the following lemma to construct N-special abelian varieties A/Q using the
examples of N-special elliptic curves produced in this article.

Lemma 8.3. Given a number field L/Q with a subfield K and an abelian variety B/L,
let A/K denote the Weil restriction of B/L from L to K. Then the abelian variety A/ K
has dimension [L : K]dim(B), and comes with a natural isomorphism A(K) = B(L). In
particular, if B/L has a L-rational torsion point of prime order N, then A/K has a K-
rational torsion point of order N. Moreover, A/K is N-special if and only if B/L is N-
special.

Proof. Most of the statements simply recall standard properties of the Weil restriction. For
the last statement use [41], 3.19, to obtain that ¢(A/K) = ¢(B/L). O

Let N > 7 be prime. It is natural to ask if there are any constraints on the field K when
there exists an N-special abelian variety A/K and K # Q. In the case of elliptic curves,
Theorem shows that these hypotheses produce information on the Lenstra constant,
namely M(K) > (N —1)/2. The examples below indicate that for abelian varieties of higher
dimension the same lower bound does not hold. Indeed, given an N-special elliptic curve
E/L with M(L) > (N —1)/2, it is not always the case that a subfield K of L still has a
large Lenstra constant. Lemma , on the other hand, lets us obtain from F/L an abelian
variety A/K which is always N-special.

Example 8.4 (N =23 and N = 31) Let K denote the cubic field of smallest discriminant
—23 (in absolute value), with K = Q(a) and « a root of 3 — 2% + 1. We present below an
N-special abelian threefold A/K with N =23 and N = 31. The field K has M(K) =5 [31]
Theorem 4.1.1].

Let L denote the field of degree 9 and unit rank 5 defined by the polynomial x° — 22% +
2% — 2° 4+ 142% — 282 4+ 192? — 22 — 1. The field L has discriminant —114479303 = —233972
and contains the field K. It has 3246 exceptional units. There exists a 31-special elliptic
curve E/L. We can thus consider the Weil restriction A/K from L to K of the elliptic curve
E/L, and use Lemma [8.3| to obtain that A/K is 31-special.
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There exists a 23-special elliptic curve E’/L" defined over the field L’ of degree 9 and
unit rank 4 given by the polynomial 2% — 228 + 227 — 22° + 22* — 2 + 1. The field L’ has
discriminant 33860761 = 11223* and contains the field K. As above, we can consider the
Weil restriction A’/K from L' to K of the elliptic curve E'/L'.

Example 8.5 (N = 67) Consider the decic field K of discriminant 995628125 = 5°318601
and rank 5 given by the polynomial z'° — 32° + 528 — 627 + 62° — 42° + 32 — 223 + 22 — 2 — 1.
The field K has 3270 exceptional units. We present below an N-special abelian threefold
A/K with N = 67. Note that in this example, M(K) > 9 by Theorem [4.3] since the field
K supports an N-special elliptic curve Ey/K with N = 19. The smallest norm of a prime
ideal of K is 19, so that M(K) < 19.

The field K has a Galois extension L/ K of degree 3 such that over L, there exists an elliptic
curve E/L with everywhere good reduction and an L-rational point of order N = 67. The
j-invariant of this curve belongs to K, and the curve does not have complex multiplication.
This curve was found by van Hoeij (see [74], second given point on X;(67), over a field of
degree 30). We can thus consider the Weil restriction A/K from L to K of the elliptic curve
E/L, and use Lemma to obtain that A/K has the desired properties.
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